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Abstract

Let R be a real closed field, and let R be a (model-theoretic) expansion of R
with the intermediate value property (IVP). We develop a version of Khovanskii
theory relative to R over an o-minimal expansion of R. We also introduce a
notion of the relative Pfaffian closure 32(75, R) of an o-minimal structure R with
respect to an expansion R that has the IVP. We prove that 32(7%, R) is o-minimal
when R is a model of the real projective hierarchy. Using this result, we obtain
a strong uniformity result on definable sets in &2 (I@), the Pfaffian closure of an

o-minimal expansion R of the real field.
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1 Introduction

Model theory has the ability to shed light on diverse branches of mathematics.
Consider this Proposition due to Van den Dries [27]:

Proposition 1.1. For any natural numbers m and n, there are only finitely

many homeomorphism types among the sets

Z(f) ={z e R": f(z) = 0},
where f(z1,...,x,) € Rlxy,...,x,] has at most m monomials.

While one need not know any model theory to appreciate its statement, the
proof of this result was first noticed as a consequence of the following celebrated
Theorem of Wilkie [29]. Let R := (R, +,-,0,1, <) be the field of real numbers,

and let Ry, := (R, exp) be its expansion by the real exponential function.

Theorem 1.2. The structure Rey, is o-minimal.

This deceptively brief statement, combined with the powerful theory of
o-minimal structures, implies that every subset of R™ that is defined with
exponential polynomials can be partitioned into finitely many simple sets called
cells. (See Definition 4.2 below.)

Any mathematician may sense that the sets Z(f) should not vary too wildly;
it is the machinery of logic—forged at the foundations of mathematics—that
makes this intuition precise: The collection of all sets Z(f) with f having at
most m monomials is contained in the union of finitely many definable families
in Rexp. Thus all of the tools of o-minimality apply.

The study of exponentially definable sets was pioneered, under the heading

“fewnomials,” by Khovanskii [14], whose work plays a central role in Wilkie’s
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proof. These investigations drew attention to the class of Pfaffian functions,

which we now define.

Definition 1.3. A C'-smooth function f,, : R® — R is Pfaffian if there are
Cl-functions fi,..., fm—1 : R® — R and polynomials P, ;(z1,...,Zn, Y1, .-, ;)
for 1 <i<mand 1l < j <n such that

af;
81’]- :Pi,j(xly...yxnaflw"afi) (11)

for each i, j.

Notice that the exponential function is Pfaffian; the sine function is not. It
was inferred that the “triangular” character of the system (1.1) should prohibit
solutions from exhibiting infinite oscillatory behavior. This insight is witnessed

by another Theorem of Wilkie [30]:

Theorem 1.4. The structure Rppg := (R,F) is o-minimal, where F is the

collection of all Pfaffian functions.

Further generalizations of this Theorem have subsequently been produced by
Lion and Rolin [18] , Karpinski and Macintyre [12], and Speissegger [25], the

latter being the most general. To state this result, we recall some definitions.

Definition 1.5. Let w be a nonsingular 1-form of class C! on an open subset
U of R". An integral manifold of w = 0 is a manifold M of dimension n — 1
and class C' such that M C U and T,M = ker(w(a)) for all a € M. A leaf L
of w = 0 is a maximal connected embedded integral manifold of w = 0. A leaf L
of w = 0 is called Rolle if L is relatively closed in U and satisfies the following
additional property:

[Rolle Property] For each C' curve v : [0,1] — U with v(0) € L and

(1) € L, there is a t € [0, 1] such that w(y(t))y'(t) = 0.
Remarks: The term “Rolle” refers to Rolle’s Theorem from classical analysis,

which can be expressed in the following way: The x-axis is a Rolle leaf of the

equation dy = 0. Rolle leaves were introduced by Moussu and Roche [21].
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The main result of [25] can now be stated thus:

Theorem 1.6. Let R be an o-minimal expansion of R. Then there is an
o-minimal structure 9(1@) satisfying the following condition: Whenever w is
a nonsingular 1-form of class C*' that is definable in & (]Ii) on an open subset U

of R" and whenever a set L is a Rolle leaf of w = 0, then L is definable in @(HN%)

The structure & (IEN\R) is called the Pfaffian Closure of R since it can be shown
that every Pfaffian function is definable in Z(R).

The central objective of this dissertation is to generalize Theorem 1.6 and its
proof. Specifically, our goal is to produce a version that does not require the
underlying universe of the structure to be R. Put in yet another way, when R is
any o-minimal expansion of a real closed field R, we investigate whether R has
an o-minimal Pfaffian closure of some kind.

For fundamental reasons, the naive generalization of Theorem 1.6 is hopeless:
Kuhlmann and Shelah show in [16] that for each regular uncountable cardinal &
there is a real closed field of cardinality s that admits 2 pairwise nonisomorphic
models of Th(Rey,). Thus there are 2" distinct exponential functions on some real
closed field R. Each of these functions is a solution to the initial value problem
vy = vy, y(0) = 1; hence each should be Pfaffian in a generalized sense. On
the other hand, Proposition 2.11 below implies that no o-minimal structure can
define more than one such solution. Consequently, any notion of Pfaffian closure
that is expected to preserve o-minimality must carry additional restrictions.

A first restriction suggested by the preceding discussion is to fix as a workspace
an expansion R of R that has the Intermediate Value Property (IVP for short)
as given by Definition 2.1. Then we consider only Rolle R-leaves (Definition 5.2),
which are required to be definable in R. While it is not yet settled whether this
condition is sufficient, we do obtain in this setting a relativised version of the

Khovanskii theory from [25] (Theorem 5.1 below). We prove the following in
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Chapter 5:

Theorem 1.7. Let R be an o-minimal expansion of a real closed field R, and
let R be an expansion of R that has the IVP. Let ) = (wi,...,w;) be a tuple
of R-definable nonsingular 1-forms defined on a common open subset U of R",
and let A be a an R-definable subset of U. Then there is a natural number K
such that whenever L; is a Rolle R-leaf of w; = 0 for each © = 1,...,1, the set
ANLyN---NL;is a union of fewer than K definably connected R-manifolds.
(See Definition 3.1.)

Unfortunately, the proof of Theorem 1.6 makes casual use of additional results
that are harder to generalize—the existence of Hausdorff limits and the Baire
category theorem are two such results. To obtain versions of these, we need
to restrict ourselves further: Let R,,; denote (R,Z), the expansion of R by a
predicate for the integers. Let TP be the first-order theory Th(R ;) of Rypyo;-

The following Theorem is our main result. (Its proof fills Chapters 6-8.)

Theorem 1.8. Suppose R is a model of TP, and let R be an o-minimal
reduct of R that still expands the field R. Then there is an o-minimal expansion
9(7%, R) of R with the following property: Whenever w is a nonsingular 1-form
of class C' on an open subset U of R"™ that is definable in & (7%, R) and whenever
L C U is a Rolle R-leaf of w = 0, then L is definable in e@(’ﬁ,, R).

Note: We use the terms “expansion” and “reduct” in the sense of definability—
that is, our hypothesis is that every R-definable set is definable in R and that
every R-definable set is definable in R. Thus Theorem 1.8 indeed generalizes
Theorem 1.6, as (R, Rproj) is identical to the structure P (R).

While the assumption that R is a model of TP is extremely strong—some
consequences are surveyed in Chapter 6—Theorem 1.8 permits us for the first
time to apply model-theoretic compactness arguments to the study of @(I@) We

illustrate this next with a result in the spirit of Proposition 1.1.
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Let £ be the language of an o-minimal expansion R of R. It is convenient
to identify a nonsingular 1-form w = ay(x)dzy + -+ + a,(x)dx, on a subset of
R™ with the nonvanishing vector field F,, = (a1(x), ..., a,(z)) of its component
functions. Then we say that a manifold L is a Rolle leaf of F,, if L is a Rolle
leaf of w = 0.

Let P be a collection of predicate symbols P that are not contained in Z.
Suppose ¢ is a formula in the language ZU {Py, ..., P;} such that each P, is in
P and has arity n;. Let x1,...,x; be formulas in an expansion .Z of % such that
each x; has free variables 2’ := (21, ..., x,,). By convention we write ¢[x1, ..., X;]
to denote the .Z-formula obtained from ¢ by replacing each occurrence of P;(z?)
with the corresponding formula ;.

We need one more definition. Take £ to be the language of &7 (R), and let
P := (¢o, ..., ¢;) be a finite tuple of (§U P)-formulas.

Definition 1.9. Let X be a subset of R" that is definable in 33(]@) We say X
has format ¢ if there are formulas x; for ¢ = 1,...,7 such that the following

hold:

(1) Each ¢; is in the language 21 U{P,..., P}, and each y; is in some expansion
&L of £.

(2) Fori=0,...,5—1, each ¢;[x1, ..., ;] defines the graph of a nonvanishing

vector field on an open set U;.

(3) Fori=0,...,j—1, each x;41 defines a Rolle leaf of the vector field defined

by gbi[Xlawai]'

(4) The set X is defined by the formula ¢;[x1, .., x;]-

With this terminology, we derive (in Chapter 10) the following consequence from

Theorem 1.8:
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Theorem 1.10. For each ® as above, there is a natural number K such
that whenever a set X has format ®, the set X has fewer than K connected

components.

This Theorem is another generalization of the Khovanskii Theory from [25].
The definition of the “format” of a set was inspired by Gabrielov’s work in [7].
There he defines the format of a “limit set” in order to derive an effective bound
on the number of its components. In contrast, the bounds given by Theorem
1.10 are not effective; we know of no way to compute them. This suggests the

following question:

Suppose the language # is countable. Is there an algorithm that,
given a format @, provides a bound K on the number of connected

components of sets X with format &7

Additional open questions appear in Chapter 11, as well as other implications of

this research.

We have made an effort to keep our exposition reasonably self-contained; we
state and provide references for all those results that we use without proof. Lest
any doubts remain at the foundation of our development, we take pains to verify
expected analogues of results from advanced calculus and elementary differential
topology. These sections were written with the ulterior motive of documenting
folklore and expectation.

In contrast, we require the reader to have some background in general
model theory, such as can be found in Chang and Keisler [2] or Hodges [10].
Throughout this dissertation, we shall make claims that take for granted a

familiarity with the expressive power and mechanics of first-order formulas.
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Conventions: We fix a structure R that expands a real closed ordered field

R = <R7+7 '707 17 <>

(For background on real closed fields see Bochnak et al. [1] for the geometric
approach and Marker [19] for a model-theoretic treatment.) Unless explicitly
stated otherwise, the term “definable” will mean “definable with parameters.”

The letters ¢, 7, k, [, m, n, p, ¢ range over natural numbers, and the letters r, s, ¢
range over R. Unless stated otherwise, the letters z,y, and z denote tuples of
variables * = (z1,...,2,), y = (y1,-..,Ym) and z = (z1,..., z) that range over
R™ R™ and R! respectively.

Given vectors vy, . ..., v in R", we write (vq,...,v;) for the R-linear span of
the set {v1,...,vx}. We also let {ey,...,e,} be the standard basis for R". For a
single vector v in R", we let vt := {w € R" : v-w = 0}. Similarly, for a vector
subspace V of R", we put V- :={w € R":v-w =0 for all v € V}.

Given an r in R, we set |r| := max{r, —r} and equip R" with the distance
function

d(z,2") == max{|xy — 2|, ..., |z, — 2|}

As usual this yields a metric on R™ whose induced topology agrees with the
order topology on R and the corresponding product topology on R". (Note: our
metrics take values in R rather than R.)

For a in R™, we use the notation ||a|| to represent d(a, 0); and for positive ¢ in
R, we let B(a,t) denote {x € R" : d(z,a) < t}, the open ball of radius ¢ around
a.

Let A be a subset of R". We use |A| to denote the cardinality of A. We write
cl(A), int(A), bd(A) := cl(A)\int(A) and fr(A) := cl(A)\A for the topological

closure, interior, boundary, and frontier of A respectively. We also define the sets
T(A,t) :=={z € R":d(z,a) < t for some a € A},

S(A,t) :={zx € R" : d(z,a) <t for some a € A}.
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For a function f: A — R, we denote the graph of f by
L(f) =A{(z,t) e Ax R: f(x) = t}.
Similarly, we define the sets
(f,00) :i={(z,t) € AX R: f(x) <1},

(—oo, f) :={(z,t) EAX R:t < f(x)}.

If g: A — R is another function and f(z) < g(x) for all z € A, then we define

(f,9) ={(z,t) e AXR: f(x) <t<gx)}

If C'is a subset of A, then f|o denotes the restriction of f to C.

For B C R**™ we let B, denote the fiber {y € R™ : (z,y) € B} of B over z.
We also write cl(B), for (cl(B)),, which is not to be confused with cl(B,).

For a strictly increasing map ¢ : {1,...,k} — {1,...,n}, welet I, : R* — R*
be the projection given by II,(z1,...,2,) = (T,1), ..., &) If (i) = i for
1 =1,...,k, we also write II; in place of II,.

We now begin our journey.



PhD Thesis — S. Fratarcangeli McMaster—Mathematics & Statistics 9

2 Preliminaries on the IVP

It is easy to prove that an ordered field that is connected in its order topology is
isomorphic to R. (A connected ordered field is archimedian, and hence embeds
into the reals; by connectedness again, this embedding must be surjective.)
Consequently, connectedness is not a first-order property. In [20], Miller suggests
an alternative called the Intermediate Value Property (IVP for short) that
is first-order and successfully replaces connectedness in many arguments. This
chapter reviews and records some consequences and equivalents of the IVP. First,

the definitions:

Definition 2.1. The structure R has the IVP if for all ¢ and b in R, each

continuous definable function f : [a,b] — R takes on every value in R between

f(a) and £(b).

Definition 2.2. A subset A of R" is definably connected (with respect to
R) if for each pair of disjoint open definable subsets U and V' of R™ such that
A=(ANU)U(ANV), we have either ANU =0 or ANV = 0.

(Note: In the definition given in [20], the set A is required to be definable; here
it is not.)
These notions are closely related as illustrated by the next Proposition from

[20].
Proposition 2.3. The following are equivalent:
(i) R has the IVP.

(ii) R is definably connected.
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(iii) Intervals in R are definably connected.

(iv) If A is a nonempty definable subset of R that is bounded above (resp.
below), then sup A (resp. inf A) exists in R.

(v) If f : A — R" is a definable continuous function and A is a closed and

bounded subset of R™, then the set f(A) is closed and bounded.

(vi) If f : A — R is a definable continuous function and A is a closed and

bounded subset of R", then f attains a max and min in A.

Observe that every expansion of (R, <) has the IVP. There are also many
ways to see that if R has the IVP, then any model of T':= Th(R) also has the
IVP. In this case, we also say that the theory T has the IVP.

Proof. The proof in [20] shows (i)« (ii)<(iii)<(iv)=(v)=(vi). Here is the
remaining implication, (vi)=(iv): Let A be a nonempty definable subset of R
that is bounded above, and assume for a contradiction that sup A does not exist.
Define

A={te R:3s€ At < s},

so that A is a definable initial segment of R. Choose a € A and b € R\Z and
define f : [a,b] — R by

t ifteA

ft) = _

a iftg A
Since sup A does not exist, the function f is continuous. By (vi), max f = f(c) for
some ¢ € [a,b]. There are two cases. If ¢ € A then, since ¢ is not the supremum of
A, there is a d € A such that ¢ < d. This means that f(c) = ¢ < d = f(d), which
cannot be. Suppose on the other hand that ¢ ¢ A. If we choose any d € A\{a},

then f(c) = a < d = f(d)—a contradiction. O
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We assume henceforth that R has the IVP, and we use Proposition 2.3 without
further mention. In this context, we introduce another piece of notation: For a

definable subset B of R", we define the distance d(a, B) from a to the set B by
d(a, B) := inf{d(a,b) : b € B}. (2.1)

Note that for a fixed set B, the function d(—, B) : R — R is continuous. With

this in hand, we confirm an expected property:

Lemma 2.4. Let A be a definable and definably connected subset of R". If B is
a definable subset of A that is both relatively open and closed in A, then either
B=Aor B=.

Remark: Though this Lemma seems obvious, it is not clear that it holds in
ordered structures that do not expand a densely ordered abelian group. It also
shows that the (a priori different) definition of “definably connected” given in

[27] agrees in our setting with the definition above.

Proof. Let C' = A\B. Suppose for a contradiction that B # () and C' # (. We
need to find disjoint open definable subsets U and V' of R"™ such that B = ANU
and C = ANV. If a is in A, then at least one of the distances d(a, B) or
d(a,C) is zero. On the other hand, if both d(a, B) and d(a,C) are zero, then
a € cl(B) Ncl(C) contradicting that B N C = ). Consequently, the two disjoint

open sets
U:={a€R":d(a,B) <d(a,C)}
Vi={a€ R":d(a,C) <d(a,B)}
satisfy our requirements. O

Definition 2.5. Let A be a subset of R™. Then a subset C' of A is a definably
connected component of A (or just a component of A for short) if C' is a

maximal definably connected subset of A.
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Definably connected components always exist by Zorn’s lemma, and distinct
components of a given set are disjoint. Though they need not be definable, we do

have the following:

Proposition 2.6. If A is a definable set with only finitely many components
C1,...,C, then each C; is definable and both open and closed in A.

Proof. Tt suffices to show that ('} is definable and open. For each ¢ # 1, the union
C1UC; is not definably connected. Thus there are disjoint open definable sets U;
and V; such that C;UC; C U; UV}, and both (C, UC;) NU; and (C; UC;) NV, are
nonempty. By definable connectedness, each of €} and C; meet exactly one of U
and V;. At the same time, neither U; nor V; can contain both C; and C;. Thus
after interchanging the sets U; and V; if necessary, we may assume that C; C U;

and C; C V;. Then since C; = AN ﬂézl U;, it is definable and open in A. O

Before moving on, we state two more facts we shall use frequently without

mention. Their proofs are standard.

Fact 2.7. Let C' be a definably connected subset of a definable set A, and let
f: A — B be a definable continuous function. Then the image f(C) of C is also
definably connected. More generally, if C' is a set with fewer than K components,

then f(C) has fewer than K components.

Fact 2.8. Suppose A is a subset of B. Then each component of A is contained

in a component of B.

In Chapter 7 of [27], the definition of a derivative is extended to arbitrary
ordered fields, and standard elementary properties are verified. We restate these

definitions for convenience and to set our notation.

Definition 2.9. Let U be an open subset of R", let a bein U, and let f : U — R
be a definable function. We define D; f(a) the (1-st order) partial derivative
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of f at a with respect to z; to be the limit

D;f(a) := lim fla+ hei) — f(a)

h—0 h

if this limit exists. The function f is said to be of class C' on U if the partial
derivatives D1 f,...., D, f exist at each a € U and are continuous as functions
on U. When n = 1, we also write f’ for D;f. We recursively define a (k + 1)-st
order partial derivative of f to be one of the functions Dsg, ..., D,g where g
is a k-th order partial derivative. If each k-th order partial derivative of f exists
and is continuous on U, we say f is of class C* on U.

Similarly if f = (f1,...,fm) : U — R™ is a definable function, then f is of
class C* on U if the component functions f; are of class C* for j =1,...,m. If
f is of class C', we define the differential d,f of f at a to be the
(m x n)-matrix of partial derivatives (D;f;(a)), and the rank of f at a to be
the rank of this matrix. When m = 1 we also write V f(a) for d,f.

Suppose U and V' are open subsets of R" and ¢ : U — V is a definable
bijection. Then ¢ is called a diffeomorphism of class C* if both o and its
inverse are of class C*. The function ¢ is simply called a diffeomorphism if it

is a diffeomorphism of class at least C.

All of the usual elementary properties of derivatives and differentials carry
over to this setting—for instance, given definable functions ¢ : U — V and

f:V — W of class C* we have the chain rule:

do(fog) = (dg(a)f)(dag)

where the multiplication on the right is that of matrices.

Following these definitions, [27] goes on to prove versions of several classical
results in the o-minimal setting. Replacing o-minimality with the IVP, many of
those proofs still work. For example, the proof of the Mean Value Theorem goes

through verbatim:
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Theorem 2.10 (Mean Value Theorem). Suppose a < b in R and that
[ :]a,b] — R is a definable function. If the derivative f'(t) exists for all t € [a,b],
then for some ¢ € (a,b), we have f(b) — f(a) = (b—a)f'(c).

Using this, we get uniqueness for definable solutions of certain differential

equations.

Proposition 2.11. Let I and J be open intervals in R. Suppose f,g: 1 — J
are definable functions of class C' on I such that the set {t € I : f(t) = g(t)} is
nonempty. Suppose also that F': I x J — R is a definable function and that the
partial derivative Dy F' exists and is continuous on I x J. Suppose finally that for

all t in I it is the case that f'(t) = F(t, f(t)) and ¢'(t) = F(t,g(t)). Then f = g.

As a special case, this implies that an expansion of a real closed field with the
IVP cannot define two distinct exponential functions. To prove the Proposition

we need a Lemma.

Lemma 2.12. Suppose I is an open interval in R. Suppose u : I — R is a
definable function, that u'(t) exists for all ¢t in I, and that u(t) = 0 for some t
in I. Suppose finally that for each ty in I there is a neighborhood V of ty and
an r in R such that for all t in V' we have the inequality |u'(t)| < r|u(t)|. Then
u(t) =0 for all t in I.

Proof. Define A to be the set {t € I : u(t) = 0}. By our assumptions, A is
nonempty, closed in I, and definable. By Lemma 2.4, it suffices to show that A
is open.

Fix ¢y in A. By replacing u(t) by u(t — ), we may assume to = 0. Let r and
V' be as in our hypotheses, and choose € < 1/r such that [—¢,¢] C V. We show
[—€,€¢] € A, which shows A is open. Set s := max{|u(t)| : t € [—¢,¢€|}. Suppose

there is a t € (0, €] such that |u(t)| = s. Then we can set
ty :=1inf{t € (0,€¢] : |u(t)| = s}.

In this case, |u(t1)] = s by continuity. Suppose for a contradiction that ¢; # 0.
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Then, by the Mean Value Theorem, there is a t; € (0,¢;) such that |u(t;)| =

|t1u/(t2)|. In this case we have

s = |u(ty)] = |1/ (t2)] < rltiu(ts)| < [u(ts)],

a contradiction. The case where there is a t € [—¢,0) with |u(t)| = s is done in

the same way. O]
We now prove Proposition 2.11:

Proof. Let u : I — R be the function defined by u(t) := f(t) — g(t), and let ¢,
be an arbitrary element of I. It suffices to find a V and an r as in the previous
Lemma. Choose an ¢ > 0 such that the closed interval I; := [ty — €1y + €
is contained in I. Set a := min(f([;) U g(l1)), b := max(f([;) U g(l1)), and
Ji = |a,b]. Consequently, if we take V' = (tg — €,to + €) and

r = max |DyF|,
I1 xJp

then we are done: For t € V,

[ (O =1(f =g/ (O = [F(t, f(t)) = F(t, g(0)] < rlf(t) — g(t)] = rlu(t)]
by the Mean Value Theorem. O]

The IVP allows us to prove versions of many other classical results from
elementary differential topology. We conclude this Chapter with three important

examples.

Theorem 2.13 (Inverse Function Theorem). Let f : U — R" be a definable
function of class C* on an open subset U of R", and let a be a point in U where
the matrix (d, f) is invertible. Then there exist definable open subsets U" and V'
of R™ such that a € U' C U and f|y: U’ — V' is a diffeomorphism of class C'.

Proof. This is exactly the proof of (2.11) given in Chapter 7 of [27]. O
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Corollary 2.14 (Rank Theorem). Suppose U and V' are definable open sub-
sets of R™ and R™ respectively and that f : U — V is a definable function of
class C' with constant rank d. Then for any a in U there exist definable open
neighborhoods U’ of a and V' of f(a), open subsets U of R and V of R™, and
definable diffeomorphisms ¢ : U — U and vV — V of class C' such that

Yofop N1, .., TaTap1s-- ., Tn) = (T1,...,74,0,...,0).

Proof. The proof of Theorem 7.8 in Lee [17] shows this after trivial modifications,

including replacing the classical Inverse Function Theorem with the version above.

]

Corollary 2.15 (Lagrange Multipliers). Let U be a definable open subset of
R", and let f = (f1,...,fm) : U — R™ and ¢ : U — R be definable functions of
class C'. Suppose that there is a point a € U such that

p(a) € bd{p(b) : f(b) = f(a)}.
Then the set of vectors {Vy(a),V fi(a),...,Vfn(a)} is linearly dependent.

Proof. Consider the map @ := f x ¢ : U — R™!. If our desired conclusion fails
then ¢ has constant rank m + 1 in some definable neighborhood U of a. Then
by the Rank Theorem, there is an open neighborhood U’ of a in R"™ and an open
subset V' of R™™! such that ¢ maps U’ onto V'. In other words, (f(a),p(a)) is

an interior point of V’. This is a contradiction. O
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3 R-manifold theory

Intuitively, a smooth R-manifold M of dimension m should be a set which is
locally (and definably) diffeomorphic to R™. There are many ways to make this

precise. We use a definition that achieves our ends quickly without loss of rigor.

Definition 3.1. A definable subset M of R"™ is an R-manifold of dimension
m and class C* if for every a in M there are open subsets U and V of R" and
a definable diffeomorphism ¢ = (¢1,...,¢,) : U — V of class C* (called a chart
for M at a) such that a € U, 0 € V, p(a) = 0, and

UNM={z€R": ¢pi1(x)=0,...,0,(x) =0}.

In the case when m = n, this simply means that M is a definable open subset of
R™. If T is a first-order theory with the IVP, then by a T-manifold we mean an

R-manifold where R is any model of T'.

Note that in case R = R, an R-manifold is just a definable embedded submanifold
of R™ with definable charts. (For standard definitions and equivalences, see [17].)
From now on, all R-manifolds are assumed to be of class at least C*.

Extending the notation above, it is sometimes convenient to decompose a
chart ¢ into the functions @ = (¢1,...,¢m) and @ = (©mi1,---,%n). Then the
set UNM is equal to the zero set of the definable function ¢. In addition, for each
a in M we define the tangent space T,M of M at a to be the vector subspace
of R™ given by

T M = kerd,p. (3.1)

In the case m = n, we set T,M := R™. This notion is well-defined: Suppose

W a1
¢ and 1) are two charts for M at a on an open set U. Then 9 o ((b) is a
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diffeomorphism between open subsets of R"~™, and
~ ~ a1 ~
duth = dy (¢ o () > 40

by the chain rule. Likewise, if 0 : W — U is a map that is a diffeomorphism of

class C'' on an open subset W of R", and if we let N = o~ !(M), then
dbO'(TbN) == Tg(b)M (32)

for all b in N. We can conclude from this discussion that the dimension of an
R-manifold is uniquely determined and is equal to the dimension of its tangent
space. Notice also that a definable subset N of an R-manifold M is relatively
open in M if and only if N is an R-manifold of the same dimension as M.
Suppose now that M is of class C* for some k > 1, and let f : M — R! be a
definable function. We say f is of class C* on M if for each a in M there is a

chart ¢ : U — V for M at a, such that the function
fIL,(VN(R™ x {0}"™)) — R!

given by f(y) := f(¢~ (y,0,...,0)) is of class C.

As in the introduction, we identify a 1-form w = aydzy + - - + a,dx, on M
with the vector field of its component functions F, = (ay(x), ..., a,(z)). In this
way, for each a € M and each v € T,M we have w(a)v = F(a) - v. We say w
is definable if and only the functions a; : M — R are definable for i =1,... n.
Similarly, we say w is of class C* on M if the functions a; : M — R are of
class C* for i = 1,...,n. Finally, a 1-form w is nonsingular on M if the vector
field F' is nowhere vanishing on M. Unless stated otherwise, all 1-forms under

discussion are assumed to be nonsingular and of class C*.

Before moving on, we prove a version of Lagrange Multipliers for R-manifolds.

Proposition 3.2. Suppose M is an R-manifold of dimension m. Suppose M is

contained in an open subset W of R™ and that  : W — R is a definable function
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of class C*. Finally suppose that the function u|y; has a local extremum at a
point a. Then
Vula) € (T,M)*.

Proof. Let ¢ : U — V be a chart for M at a, so that M is locally the zero set of

©. Then by Corollary 2.15 we have
Vu(a) € (Vomei(a),. .., V,(a)) = (T,M)*+
as desired. n

We next define the rank of f at a, denoted rank, f, to be the rank of the
matrix dof. Let us compute the rank of a linear transformation restricted to an

R-manifold.

Example 3.3. Suppose f : R* — R™ is linear. Let a bein M, andlet o : U — V
be a chart for M at a. Then

rank, (f|ar) = rank,(dof) = dim(do(f o p*)(R™ x {0}"™™)) =

dim(f(do™ (R™ x {0}"™™))) = dim(f (T, M)).

Therefore, the rank of f|y at a is the dimension of the image of the tangent space

T,M.

Theorem 3.4 (Constant Rank Level Set Theorem). Let M be an
R-manifold of dimension m in R". Let f : M — R' be a definable function
of class C! with constant rank equal to d. Then for each b € R', the set f~1(b)
is either empty or an R-manifold of dimension m — d (and class C").

Moreover, suppose that f is defined on an open set containing M, that

f(a) = b, and that N = f~(b); then we have

T,N = T,M Nkerd,f.
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Proof. By definition, there are open subsets U and V' of R™ and a diffeomorphism
©=1(p1,---,pn) : U —V such that a € U, p(a) =0,and M NU = ({5)_1 (0).
Since the function f has constant rank on U N M, the function

f:=fop y,0,...,0)

has constant rank d on I, (V N (R™ x {0}"~™)). Thus by the Rank Theorem
(Corollary 2.14), there are open subsets V' of R™ and W of R! and diffeomor-
phisms 7 : V' — V and v:W — W such that 0 € V' and

o for ' (y) = (y1,-.,ya,0,...,0).

Let U’ be the open set {x € U : §(x) € V'}, and consider the diffeomorphism
o:=(Gop,p)on U’ If we set p:= (01,...,04) we see that N N U’ is precisely
the set

{x e U": p(x) =0 and p(x) = 0}.

Thus (after a permutation of coordinates) o is a chart for N at a, and N is an
‘R-manifold of dimension m — d.

When f is defined on an open set containing M, we have the identity

wof:(p(x)707"'0)

on an open neighborhood of a. Thus kerd,f = kerd,p since v is a diffeomor-

phism. Then by definition we have
T,N =kerd,pNkerd,p = kerd,f NT,M,
finishing the proof. [
This motivates the following definition:

Definition 3.5. An R-manifold M in R" is said to be in standard position
if for every strictly increasing map ¢ : {1,...,k} — {1,...,n} there is a number

d = d(M, ) such that II,|5; has constant rank d.
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Corollary 3.6. Let n > 1. Suppose a subset M of R" is an R-manifold of
dimension m and class C' in standard position. Then for each k < n and a in RF
the set {a} x M, is either empty or an R-manifold in standard position. In fact,
for each increasing map ¢ : {1,...,1} — {k+1,...,n}, therank of I1,|{a} x n1, doOe€s

not depend on a.

Proof. Fix a point (a,b) in M, and let d be the rank of IIj|,;. Theorem 3.4 says
that the set {a} x M, is an R-manifold of dimension m — d.

To see that {a} x M, is in standard position, let ¢ be as in the statement of the
Lemma. Let 7 be the unique increasing function 7 : {1,...,k+ 1} — {1,...,n}

such that
L, k+1H) =11, .. kY U{L, ... 1}).

Then by Example 3.3, we get
rank qp) 1L oy xpr, = dAim(IL(T(ap) ({a} x M,))).
Note that Theorem 3.4 implies that
Tiap({a} x M,) = ker 1T, N Tiq 5y M.
So by looking at kernels, we see that
ker(IL |z, , (fayxasa)) = ker IL N Tiap) ({a} x Ma)) =

ker IT, N ker I, N T{apM = kef(H?‘Tm,b)M)'

Suppose now that IT7{,; has constant rank e. Then since
dim(IT(T (e M) = rank, ) (Ig|ar) =€,
we conclude that
rankqp) IL [{ayxm, = (M —d) — (m —e) = e —d.

Since (a,b) was arbitrary, we are done. O
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Corollary 3.7. Let n > 1. Suppose a subset M of R" is an R-manifold of
dimension m and class C' in standard position. Then for each k < n and a in
RF the set M, is either empty or an R-manifold in standard position. In fact, for
each increasing map ¢: {1,...,1} — {1,...,n—k}, the rank of 11,|);, does not

depend on a.

Proof. From the previous Corollary, we have that {a} x M, is an R-manifold in
standard position. It is then obvious that the (notationally more convenient) set
M, x {a} is an R-manifold in standard position.

Let ¢ = (p1,.--,0m) : U — V be a chart for M, x {a} at (b,a), and set
Z:=(x1,..,Zp_x). Then the map ¢ : U, — R" given by

(z) := (p1(2,0),..., Puk(T, a))
is a chart for M, at b, showing that M, is a manifold.
Let ¢ : U' — V' be a chart for M, at b. This time the map
V() = (V(X1, oo, Tpk), T ptl — A1y« - oy Ty — Q)

is a chart for M, x {a} at (b,a). Using this chart to calculate the tangent space,
we see that

Tioay (M, x {a}) = TyM, x {0}*.
For ¢ as above we have
IL(TyM,) = IL,((TyM,) x {0}F) = I (T, (M, x {a})).
The result now follows from Example 3.3 and the previous Corollary. n

We end this Chapter with a brief discussion of definable path connectedness.

Definition 3.8. A subset X of R" is definably path connected if for all a
and b in X there is an definable continuous function (path) 7 : [0,1] — X such
that v(0) = a and v(1) = b. A definably path connected component of
X is a maximal definably connected nonempty subset of X. We abbreviate this

unwieldy term by calling it a p-component.
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Remarks: (i) As expected, if X is definably path connected, then X is defin-
ably connected. (ii) If X is a subset of R" and x € X, then there is always a
p-component of X containing x by Zorn’s lemma. However, it is not clear that
p-components of definable sets are definable. (Corollary 6.3 below deals with a

special case of this.)

Proposition 3.9. If M is an R-manifold and c is in M, then there is an open
set U containing ¢ such that U N M is definably path connected. Moreover, if M
is of class C*, then for any a and b in M, there is a definable path v : [0,1] — M
of class C* such that v(0) = a and (1) = b.

Proof. Let ¢ : U — V be a chart for M at a. By taking a small box around
¢(a), we may assume that V' is convex. Then for any a and b in U, the definable
function given by 7 : [0,1] — V by ~(t) := te(b) + (1 — t)¢(a) parametrizes the
segment from ¢(a) to p(b). Consequently, the function ¢t o~ :[0,1] — M is a
definable path of class C* connecting a and b. O]

Corollary 3.10. Let M be a definably connected R-manifold. Then M is
definably path connected if and only if some p-component of M is definable.

Proof. By the previous Proposition, each p-component of M is open in M. Since
the p-components of M are pairwise disjoint, each p-components is also closed in

M. Hence if C'is a definable p-component of M, then C' = M by Lemma 2.4. [J
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4 Background from o-minimality

One of the first important results in the model theory of ordered structures
came from Tarski [26], who proved that the structure R admits elimination of
quantifiers. This means that all definable sets in this structure (commonly called
semialgebraic sets) are given by boolean combinations of polynomial equations
and inequalities over the reals. From this fact, it is easy to deduce that the
semialgebraic subsets of R are simply finite unions of points and open (possibly
unbounded) intervals. Another way to say this is that every R-definable subset
of R is already definable in the reduct (R, <).

In the 1980s, Van den Dries observed that this property on its own is strong
enough to imply many of the finiteness results displayed by the collection of
semialgebraic sets. Knight, Pillay, and Steinhorn in [23] and [15] subsequently
extended this insight to arbitrary expansions of dense linear orders. Out of this

study emerged the elegant theory of o-minimal structures. (See [27] for details.)

Definition 4.1. An expansion R of a dense linear order (R, <) is called
o-minimal if every definable subset of R is a finite union of points and open

intervals with endpoints in R U {—00, c0}.

It is immediate from the definition that the universe of an o-minimal structure
is definably connected, and hence that every o-minimal structure has the IVP.
From now on, we let R be an o-minimal expansion of R. In this Chapter (and
only in this Chapter), the term “definable” means definable in R.

The central feature of an o-minimal structure is that every definable set can

be decomposed into cells. We define these terms in the next two definitions.
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Definition 4.2. A definable subset C' of R" is a cell if

(i) n =1 and C is a singleton or an open interval, or

(ii) n > 1 and there is a cell B C R"! and definable continuous functions

f,g9: B — R with f < g such that C' is one of the following sets:

F(f)v (f,g), (fv OO) or (_Oovf)'

(See the conventions following the introduction for the definitions of these

sets.)

Definition 4.3. A partition P of R"™ into finitely many cells is called a

decomposition if one of the following holds

(i) n =1 and P is a collection of the form

{(_007 (11), <a17 a’2)7 R (alm OO), {a1}7 {a2}7 te {ak}}
(i) n > 1 and the set {II,_1(A) : A € P} is a decomposition of R"!.

We also say a partition P of R" is compatible with a subset B of R" if for
every A € P either AC B or AN B = .

The next Theorem is the fundamental theorem for o-minimal structures.

Theorem 4.4 (Cell Decomposition Theorem [27]). Given any finite
collection of definable subsets A1,...,A; of R", there is a decomposition P of

R™ that is compatible with A; for each i =1,... 1.

Below we need a variant of this Theorem that demands the cells to be smooth
in some sense. We recursively define a cell C' C R" to be a C*-cell if in Definition
4.2, the set B is a C*-cell in R"~! that is also an R-manifold of class C* and the
functions f and g are of class C* on B. It follows from Proposition 4.6 below that
every CF-cell is an R-manifold of class C*; thus, this assumption is ultimately
superfluous. In this terminology, the cell decomposition theorem is still true if
we fix a k& and demand that each cell A € P is a C*-cell.

A straightforward induction on n yields the following Lemma:
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Lemma 4.5. Let N be a C*-cell in R™ that is neither a singleton nor an open
set. Then thereisanm € {1,...,n—1}, an open C*-cell Ny in R™, and a definable
C*-function F : Ny — R"™™ such that N is the graph of F after a permutation

of coordinates.

The following Proposition shows that C*-cells are C*-diffeomorphic to sets of

a very simple form. (See also Miller and Van den Dries [28].)

Proposition 4.6. Let N be a C*-cell in R"*. Then there is a natural number m,
there are open sets U and V' containing N and R™ x {0}"~™ respectively, and

there is a definable diffeomorphism o : U — V of class C* such that
o(N)=R™ x {0}"™.
Remark: For a C'-cell N, the tangent bundle of N
TN :={(x,v) e NxR":veT,N}

is definable by a formula that says “(d,o)v = 0.”

Before giving the proof of Proposition 4.6, we derive another useful Corollary.

Corollary 4.7. If a subset A of R™ is definable, then there is an n’ > n and a
closed subset B of R" such that A = II,,(B).

Proof of Corollary 4.7. First off, when A is a cell of dimension m, then by
Proposition 4.6 there is a definable homeomorphism g : A — R™. The result
then follows if we let n’ := n + m and take B to be the graph I'(g) of g.

Now suppose the result holds for definable subsets A; and A, of R™. That is,
suppose there are n| and n), greater than n and closed definable subsets B; and
B, of R™ and R™ respectively such that A; = I1,,(B;) and Ay = 11,,(B;). Then
the result holds for A; U A, by putting

n' = max{n},ny} and B := B x RM™=) B, x RV —"2),

The Corollary now follows by induction and cell decomposition. O]
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To facilitate the proof of Proposition 4.6, we prove an intermediate Lemma.

Lemma 4.8. Let N be an open C*-cell in R". Then there is a definable diffeo-

morphism o : N — R" of class C*.

Proof. Define the diffeomorphism 7: (—1,1) — R by
t

Vi B
Also, for any interval (a,b) in R define p(a,b) : (a,b) — (—1,1) by

plaie) =

T(t) =

So, for example, the interval (—oo,b) is diffeomorphic to R via the function
Top(=1,0) 0771t —b).

In higher dimensions we use induction; here is one case: Suppose N = (f, g),
where f,g : N; — R are C*-functions and N; is an open C*-cell in R"~'. By
induction, there is a diffecomorphism o; : Ny — R"! of class C*. Let 7 =

(x1,...,2,-1) and define 0 : N — R" by
o (T, ) = (01(T), p(f (T), 9(T)) ().
The other cases are similar. ]
Now the proof of Proposition 4.6:

Proof. If N is a singleton, then the result is trivial. If N is open, then the result
follows from Lemma 4.8. Thus we may invoke Lemma 4.5 and assume that N is

the graph of a C*-function
F = (Ferl, NN 7Fn) : Nl — Rnim,

where N; is an open C*-cell in R™. By Lemma 4.8, there is a definable dif-
feomorphism oy : Ny — R™ of class C*. We may then take U = N; x R*™™
and

o(x) = (01(T), xms1 — Fns1(T), ..., 2 — Fo (7)),

where T = (21, ...,Zpy). O
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All o-minimal structures admit a well-behaved dimension theory. (See
Chapter four of [27].) In an o-minimal expansion of a field, the dimension dim(C)
of a cell C' given by o-minimality agrees with the dimension of C' as an ﬁ—manifold;
so for our purposes, we take this to be the definition of dim(C'). We then define
the dimension of an arbitrary definable set A by setting

dim(A) := max{dim(C) : C' is a cell contained in A}.

If A is empty, we put dim(A) := —oc.
This dimension satisfies many attractive properties. For example, if A and

B are two definable subsets of R", then dim(A U B) = max{dim(A),dim(B)}.

Another property we use below is the following.

Proposition 4.9. Let A be a definable subset of R™*™. For d in {0,1,...,n},
let A(d) :={a € R™ :dim(A,) = d}. Then A(d) is definable and

dim U {a} x A, | =dim(A(d)) + d.
acA(d)

For the rest of this Chapter, we prove some technical Lemmas that are used
in the proof of Theorem 1.7. Let U be an open subset of R", and fix a finite tuple
= (w1, ...,w,) of definable 1-forms w; on U. For i =1,...,q we also write F;

for the vector field F;, associated with w;.
Definition 4.10. Let N be an R-manifold contained in U. The tuple €2 is
transverse to N if

dim (TaN N | m ker(wi(a))> = dim(N) — ¢

i=1,...,q

for all a € N. If N = R", we simply say (2 is transverse. For a subset J of
{1,...,q}, we write Q; := (w;)jes. The tuple Q; is called a basis of 2 along
N if Q; is transverse to N and

T.N N | m ker(w;(a)) =T, N N ﬂ ker(w;(a))

i=1,...,q i€J
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for all a € N.
The next Lemma is an amalgam of Lemmas 2.1 and 2.8 from [25].

Lemma 4.11. Let A be a definable subset of R". Then for any natural number
k, there is a decomposition P of R" into C*-cells such that P is compatible with
both A and U and satisfies the following property: Whenever a cell N in P is a
subset of A and whenever J is a subset of {1,...,q}, there exists a subset J' of

J such that Q) is a basis of {2; along C'.

Proof. By induction on d := dim(A). The case d = 0 is trivial. Assume d > 0
and that the Lemma holds for lower values of d. Using C*-cell decomposition and
the inductive hypothesis, we reduce to the case that A is a C*-cell of dimension
d.
Now for an element a of A and a subset J of {1,...,q}, we write
T.(Q) = TLAN () ker(wi(a)).
ieJ

For each subset J of {1,...,q} and each subset J' of J, we also define the set
A(JJ) ={ae A:T,(Q)) =Tu(y) and dim(T,(Q2y)) =d—|J|}.

Since the tangent bundle T'A is definable and each w; is definable, the set A(.J, J')
is definable too. Let P; be a C*-cell decomposition compatible with each set
A(J,J') and the set U. Put B := |J{C € P, : dim(C') < d}, and note that B is
definable and that dim(B) < d. Then by the inductive hypothesis, the Lemma
holds with B in place of A, producing another C*-cell decomposition P,. Let P

be the cell decomposition given by
P:={CeP:dim(C)=d}u{CeP,:CC B}.

We claim that this P works: Fix a subset J of {1,...,¢}, and let C' be in P
with C' C A. If dim(C) = d then C' is a relatively open subset of A, and hence
T.C = T,A for all a in C. Since there is a J" such that C C A(J, J'), the tuple
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Q2 is a basis of 2; along C. On the other hand, if dim(C) < d, then C'is in Ps
and the result follows. O

As our last task of this chapter, we prove a lemma with conceptual origins
in Morse theory. We use it to lower the dimension in the inductive proof of our

Khovanskii Theory (Theorem 1.7).

Definition 4.12. Let M = R™ x {0}"™. A positive R-form for M is an
definable continuous function p : R™ — [0, 00) such that for each positive r, the

set M N p=1([0,7]) is bounded in R™.

Example 4.13. For positive elements uy, . .. u,, of R, the function

ty © R" — R given by
) = 3 i
i=1
is a positive R-form for M.

We use this observation in the next Lemma.

Lemma 4.14. Suppose that M is contained in U and that () is transverse to M.
Suppose also that ¢ < m. Then there is a positive R-form w for M of class C*
such that the definable set

B:={ae M :Vu(a) € (Fi(a),...,F,(a),emi1,...,€n)}
has dimension strictly less than m.

Proof. For u € (0,00)™, let u, be as above. Notice also that

Vuu(a) € (Fi(a),...,F,(a),emi1,s.-.,en)

if and only if
Viuu(a) € (Fi(a), ..., F,(a)).

So put
D, :={a e M:Vu,(a) € (Fi(a),..., Fya))}.
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Assume for a contradiction that dim(D,) = m for all v € (0,00)™. Then it

follows from Proposition 4.9 that dim(D) = 2m where D is the definable set
D :={(u,a) € (0,00)™ x M :a € D,}.

Thus there are nonempty open subsets V' of (0,00)”™ and W of R™ such that
VxW x{0}*™ CD. Fix ain W x {0} such that a; # 0 and a; # 1 for
i=1,...,m, and consider the definable function G : M x R™ of class C' given
by

G(xy,...,op) = (ZL‘%, . ,xfn)
We see that Vi, (a) = (d,G)u. Since the linear map d,G has rank m, the set

(Viy(a) : w € V) is an R-linear subspace of (Fi(a),..., Fy(a)) of dimension m.
This contradicts that ¢ < m. O]
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5 Khovanskii theory with the IVP

Recall from the introduction that R denotes the field of real numbers and that R
is an o-minimal expansion of R. An essential ingredient in the proof of Theorem

1.6 is the following version of Khovanskii Theory due to Van den Dries. (See

[25].)

Theorem 5.1. Let wy,...,w, : U — R™ be nonsingular 1-forms of class C' on a
common open subset U of R™ that are definable in R. Let A be a subset of R"
that is also definable in R. Then there is a natural number K such that whenever
L; is a Rolle leaf of w; = 0 for each i =1,...,q, then ANL;N---N L, is a union

of fewer than K connected manifolds.

As mentioned earlier, we can generalize this to Theorem 1.7 using tools that
derive from the IVP alone. For the most part, the proof from [25] goes through
after the definitions have been appropriately adapted. However, at a crucial point
of that proof the fact that a connected manifold is path connected is used. Since
we do not have an analogous fact for R-manifolds, we are forced to strengthen
the Rolle property. On the other hand, we do have such a fact for TP*-manifolds
(by Corollary 6.3), an observation that is used later.

Here are our standing assumptions: We have a real closed ordered field R :=
(R,4+,-,<,0,1) and an o-minimal expansion R of R. We take an expansion R
of R with the IVP. In contrast with the previous Chapter, “definable” now
means definable in R. In case a set is definable in ﬁ, we say it is R-definable to
emphasize this point. Also, all R-manifolds and diffeomorphisms are assumed to
be at least of class C'. Finally, all 1-forms are assumed to be nonsingular and of

class C! on their domains.
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The following two definitions take the place of Definition 1.5 in our context.

Definition 5.2. Let w be a 1-form on an open subset U of R". We say that
an R-manifold of dimension n — 1 and class C! is an integral R-manifold of
w = 01if M is a subset of U and T,M = ker(w(a)) for all @ in M. An R-leaf
of w = 0 is a definably connected integral R-manifold of w = 0 that is relatively

closed in U.

Definition 5.3. Let w be a 1-form on an open subset U of R". An R-leaf L of

w = 0 is called Rolle if L satisfies the following additional property:

[R-Rolle Property] For every definably connected R-manifold C' of
dimension 1 and class C! that is contained in U, either |[C N L| <1
or there is an @ in C such that T,C C ker(w(a)).

Remark: Under the condition that R is a model of TP Corollary 6.3 below
tells us that L is a Rolle R-leaf of w = 0 if and only if this more familiar Rolle

property holds:

[Alternate R-Rolle Property] For each definable C' curve
v:[0,1] = U with v(0) € L and (1) € L, there is a ¢t € [0, 1] such

that w(vy(t))y'(t) = 0.

The rest of this chapter is devoted to the proof of Theorem 1.7. First some

Lemmas.

Lemma 5.4. Let U be an R-definable open subset of R", and let w be an
R-definable 1-form on U. Let L be an integral R-manifold of w = 0 that is
closed in U. Suppose a subset C' of U is a definably connected R-manifold of
dimension at most n — 1 and that T,C' C ker(w(z)) for all x in C. Then either
CNL=0orC C L.

Proof. Write w = aydx; + - - - + andx, with each a; : U — R of class C'. Assume
that C'N L is nonempty. Since C'N L is definable and closed in C| it suffices to

show C'N L is open in C' by Lemma 2.4.
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Fix & in C' N L. Permuting coordinates if necessary, we may assume that
a,(b) # 0 for all b in some definable open neighborhood V' of #'. Then for all b in
V, we have IT,, _1T,(V N L) = R"%; so II,,_; has constant rank n —1 on V N L by
Example 3.3. It then follows from Theorem 3.4 that, after further shrinking V' if
necessary, the set V N L is the graph of a function f : W — R of class C*', where
W :=11,_1(V). Moreover, the function f satisfies the following equations:

Q;

Dif(x) =——(z, f(z)), foree Wandi=1,...,n— 1. (5.1)

n

By Lemma 3.9 there is a definable and definably path connected relatively
open subset C’ of C NV containing '. It suffices to show C” is contained in the
graph I'(f) of f. Let b” be a point of C” distinct from b'. We show 4" is in T'(f).
Let s > 0 and let v = (71,...,7) : (—s,1+s) — C’ be a path of class C' such
that v(0) = b and y(1) = b”. Then we have w((t))7'(t) = 0 for all ¢ in the
interval (—s,1 + s). This means that

a1

Tt) = =22 (3(8), 3 (8)) A (1) =+ = L), 7 (1)) - A (1)

Qn Qn

for all £ in (—s,1+ s), where § := (y1,...,Vn-1) : (—s,1+s) — W. If we also
put h(t) :== f(0(t)), then by (5.1) the function h satisfies the equation

(6(£), A (1)) - Y (2)

for all ¢ in (—s,1+ s). Since h(0) = b, = 7,(0), it follows from Proposition 2.11
that 7, = h. Consequently, v = ~(1) = (6(1),h(1)) € I'(f) which finishes the

Qp—1

Qn G

proof. O]

We now discuss the pullback of a 1-form.

Definition 5.5. Let U and V' be open subsets of R", and let ¢ : V' — U be a
definable diffeomorphism. Suppose that w is a definable 1-form on U. Then the
pullback o*w is the 1-form on V given by

c*w(a)v := w(o(a))d.ov (5.2)

foralla e VandoveT,V.
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Lemma 5.6. Let U and V' be definable open subsets of R", and let 0 : V — U
be a definable diffeomorphism. Let M be an R-manifold contained in U, and let
w be a definable 1-form on U. If M is an integral R-manifold of w = 0, then

o~ Y (M) is an integral R-manifold of the 1-form *w.

Proof. Choose b in ¢~'(M). Since they are vector spaces of the same dimension,
it suffices to show that T;(c=*(M)) C ker(c*w(b)). Choose v in T,o~*(M). By
(3.2), we have that (dyo)v € T, M. Thus,

o*w(b)v = w(o(b))dyov = 0.
That is, v € ker(c*w(D)). O

Lemma 5.7. Let U and V' be definable open subsets of R", and let 0 : V — U
be a definable diffeomorphism. Let w be a definable 1-form on U, and let L be a
Rolle R-leaf of w = 0. Then o~'(L) is a Rolle R-leaf of o*w = 0.

Proof. By the previous Lemma, it suffices to verify the R-Rolle property. Suppose
C' is a definably connected R-manifold of dimension 1 contained in V' that con-
tains two distinct points of ¢7!(L). Then o(C) is definably connected, contained
in U, and meets two distinct points of L. Hence there is an a in o(C') such that
T,0(C) C ker(w(a)). Let b = 07(a), and let v € T,C. Then by (3.2), we have
dyov € T,0(C'). Hence,

o*w(b)v = w(o(b))dyov = 0.
In other words, we have T,C' C ker(c*w(b)) as required. O

Lemma 5.8. Let ¢ be as in the previous Lemma, and suppose N is an
R-manifold contained in U. Suppose moreover that € := (wy,...,w,) is a finite
tuple of 1-forms on U that is transverse to N. (See Definition 4.10.) Then the

tuple of pullbacks 0*Q := (0*wy, ..., 0%w,) is transverse to o~ *(N).

Proof. This follows from the fact that d,o is a linear isomorphism for all a in

M. [l
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For the remainder of this Chapter, fix a tuple 2 = (w1, ..., w,) of R-definable
1-forms on a common open subset U of R". Again we let F; be shorthand for

F,,, the vector field associated with w; fori =1,...,q.

Lemma 5.9. Let N be an R-manifold contained in U, and let €); be a basis
of Q) along N. For each i = 1,...,q, let L; be a definably connected integral

R-manifold of w; = 0, and write

W:=Nn ﬂ L; and WJ::NﬁﬂLi.

ie{l,...,q} ieJ
Then W is either empty or an R-manifold of dimension dim(N) — |J|. Also, for
each a in M, the tangent space T,W; is given by
T.W; =T,NN m ker(w;(a)).
ieJ
Moreover, if W; has only finitely many components, then each component of W

is a component of W; and an R-manifold of dimension dim(N) — |.J|.

Proof. Assume W is not empty. Our first objective is to show that W; is an
R-manifold of dimension dim(N) — |J|. We may assume that |J| = 1 and write
L for the integral R-manifold of w = 0. Let a bein NN L, and let ¢ : U — V be
a chart for L at a. Let M = (U N N) and set m := dim(M). Notice also that
the kernel of the pullback (¢~!)*w(a) is equal to the orthogonal complement of
the vector e, for all @ in V. Thus it suffices to show that M’ := M N(R"! x {0})
is an R-manifold of dimension m — 1 and that TyM' = ToM Nez.

Let II be the projection x — x,. By transversality, we have
m—1=dim(TyM Net) = dim(TyM Nker IT) = m — rank(IT| ).

In other words, the function II|,; has rank 1 at the origin. After shrinking V' if
necessary, we may assume that 1|, has constant rank 1. Thus by Theorem 3.4,
the set M’ = (I1]57)~*(0) is an R-manifold of dimension m — 1 with tangent space

ToM NkerI1. This completes our first objective.
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For the second assertion, we show that every component of W; that meets
W is a component of W. Assume that W; has only finitely many components
and let C' be one of them. Thus, by Proposition 2.6, C'is definable and relatively
open in W;. As a result, the set C' is itself an R-manifold. Now choose some j in
{1,...,q}\J such that the intersection C'N L; is nonempty. Since {2, is a basis
of 2 along N, for all a in C we have

T,C C ker(wj(a)).

Now we apply Lemma 5.4 to conclude C' C L;. Since j was arbitrary, C is a

subset—and hence a component—of W. O]

Proposition 5.10. Let N be an R-definable C'~cell of dimension m contained
in U, and suppose that ¢ < m and that §Q is transverse to N. Then there is an
R-definable closed subset B of N with dim(B) < m such that whenever L; is a
Rolle R-leaf of w; = 0 for each i, we have one of the following cases:

Case 1: Either N N Ly N---N L, has finitely many components, and each
component of NN Ly N---N L, meets B,

Case 2: or NN Ly N---N Ly has infinitely many components, and infinitely

many of those components meet B.

Proof. First note that by Lemma 5.9, the set NN Ly N---N L, is always either
empty or an R-manifold of dimension m — ¢q. By Corollary 4.6, there are open
subsets U and V of R" containing R™ x {0}"~™ and N respectively, and a dif-
feomorphism o : U — V of class C* such that o(R™ x {0}"™) = N. Thus
replacing the cell N by R™ x {0}"~™ the open set U by UNo~Y(U), and cach w;
by the pullback 0*(w;|;7), we may assume that N = R™ x {0}"™™. Let B and p
be the set and positive R-form for N given by Lemma 4.14. We claim that this
B works:

Suppose first that NN L;N---N L, has finitely many components. Then each

component C' is definable and closed in N by Proposition 2.6. If we choose r > 0,
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then C'N [0, 7] is closed and bounded in R™. Thus p|c assumes a minimum

value, say at the point a. By Proposition 3.2 and Lemma 5.9, this implies that
Vi(a) € T,(NO LN -~ N L) = (Fi(a),...,Fya), emi1,- -, en),

finishing this case.

Now suppose N N L; N---N L, has infinitely many definably connected com-
ponents. We recursively produce infinitely many distinct components C, Cs, . ..
each of which meets B, and definable sets Vj 2 Vi D V4, ... satisfying the following

properties:

(1) Each V; is an open and closed subset of NN Ly N---N L,.

(2) Each V; contains infinitely many definably connected components of

NOLN---NL,
(3) And C; NV; = () whenever j > i.

To start, put Vo := NNL;N---NL, Given V;, we show how to produce V; ;.
Since V; is not definably connected, there are definable open disjoint U; and U,
such that V; C U; U Uy and both Vi N U; and V) N U, are nonempty. Now one
of U; or U, contains infinitely many components of N N L; N---N L,. We may
assume this to be Uy, and we then set V;, 1 := V; N Us. Now V; NUj is a closed
subset of NN Ly N---N L, Thus ply,ny, assumes a minimum value. Arguing as
in the previous case, the set B meets V; N U;. Thus B meets some component C'

of V; NU;. Take C;,1 := C and we are done. O
Finally the proof of Theorem 1.7:

Proof. We proceed by induction on d := dim(A) and ¢g. The cases d = 0 and
g = 0 being trivial, we assume d > 0 and ¢ > 0 and that the result holds for
lower values of d or q. By Lemmas 4.11 and 5.9, it suffices to consider the case

that A is an R-definable C'-cell contained in U and € is transverse to A. Note
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that then d > ¢q. For ¢ =1, ..,¢q, we let L; be a definable Rolle R-Leaf of w; = 0,
and we put L := Ly N...N L;. We now proceed by cases.

Case d > ¢q: Let B be a closed definable subset of A with the property
described in Proposition 5.10. In particular, the dimension of B is less than d.
Then by the inductive hypothesis there is a natural number K, independent of the
particular Rolle R-leaves chosen, such that B N L has fewer than K components.
Now Proposition 5.10 tells us that the set ANL has only finitely many components
and each component meets B. It follows that ANL has fewer than K components.
The fact that each component of A N L is an R-manifold is a consequence of
Lemma 5.9.

Case d = ¢: Put L' := Ly N---N L,_1, and notice that dim(A N L") = 1. By
the inductive hypothesis, there is a natural number K such that the R-manifold
AN L' has fewer than K components. Let C' be a component of AN L', and
observe that C' is an R-manifold. Now if |C' N L,| > 1, then there is an a in
C such that T,C C ker(w,(a)) by the R-Rolle property. But this contradicts
that w, is transverse to AN L. We must conclude that |C' N L,| < 1 for each
componenet C' of AN L', and consequently that |[ANL' NL,| < K. O
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6 Tools from the theory of (R,Z)

Recall from the introduction that Ry.; := (R,Z) and that TP is the theory of
Rproj- We shall also denote the language {+,-,0,1, <,Z} by Zo;-

It is well known that the definable sets in R,,; are precisely the projective
sets of descriptive set theory. (This is exercise 37.6 in Kechris [13] for example.)
Moreover, Godel’s famous Incompleteness Theorem [8] implies that TP™ has no
recursive axiomatization. For these and other reasons, the structure Rp,; is
usually considered to be too “wild” for most model-theoretic purposes.

Below we find a use for such wild structures. Assume that R is a model of
TP We shall utilize R as a workspace out of which to carve o-minimal reducts.
Indeed, though the definable sets in R can be very complicated, the structure R
still has the IVP and hence satisfies the results of Chapter 2.

In this Chapter, we develop the tools that are required to make the main
arguments from [25] work in R. In particular, we state here an analogue of the
classical Baire category theorem, and we define the Hausdorff limit of a definable
sequence of closed and bounded subsets of R"”. This Chapter may also be regarded
as a catalog of the results from R,,; that are at present required to prove Theorem
1.8. We hope that this list will be shortened in future research.

These results are all obtained for R in the same way: We exploit the fact
that a sentence of first-order logic is true in R if and only if it is true in Rp,;.
We shall argue that the results we need can be expressed as .Z},.5-sentences that
are true classically in Ry,0;. Due to a resemblance with the transfer principle
of nonstandard analysis, we refer to this method as a transfer argument. (See
Henson [9].) In short, the results in this Chapter are “transferred from R,,; to

R.” Arguments of this kind are routine in model theory, and many of the items
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below have likely been observed previously.

We begin by surveying the expressive power of R,,;. The fundamental insight
here comes from Gdédel, who in Proposition VII of [8] shows that every recursive
function f : N — N is definable. As a special case, for each natural number p
the function m — p™ is definable. From this one fact, we derive the following

far-reaching consequences:
Proposition 6.1. Let n > 1.

(A) There is a definable (without parameters) subset X™ of R"™™ such that
{X:r € R} is equal to the collection of all subsets of N".

(B) There is a definable (without parameters) subset Y™ of R™™ such that
{Y* : r € R} is equal to the collection of all open subsets of R".

Consequently, the same is true with “open” replaced by “closed.”

(C) Letm > 1. There is a definable (without parameters) subset Z™™" of R™ "1
such that {Z™" : r € R} is equal to the collection of all graphs of continuous

functions from R™ to R™. Moreover, the same is true for all functions from

N™ to R"™.

Remark: Using Matijasevich’s theorem on Diophantine sets, one can definably
obtain all open subsets of R” from a single polynomial equation over Z. For a
precise statement of this result see (2.6) of [27]. The following elementary proof

was provided by Alf Dolich.

Proof. (A) We first do the case n = 1. Let X' be the set given by
X :={(m,r) eNxR:[10™] =1 mod 10}

where [r] is the greatest integer less than or equal to r. Then for each

subset S of N, the set S equals X! where r = Y omeg 107
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the
lett
(Lde

For the case n > 1, let f : N — N be a definable injection. (A standard one
is the function (my, ..., m,) — 2™3™2...p, ™ where p, is the n-th prime.)

Taking X' as in the previous case, the set
X" = {(my,...,mp,7) EN" xR : f(my,...,m,) € X;}}
satisfies our requirements.

The case of closed sets follows immediately from the case for open sets, which

we prove now. For § = (qo,...,¢n—1) in Q" and m in N, put
Bam :={(s0,--,8n-1) ER" :m|g —s;] <1fori=0,...,n—1}.

We use the fact that {Bg,, : ¢ € Q",m € N} is a basis for the topology on
R"™. Let X?"™! be as in (A). Let Y™ be the set given by

Y™ :={(s0,...,801,7) € R"™ : There is some (mo, ..., ma,) in X"

such that mo, |me; — mo;y18;| < mo;pq for i =0,...,n—1}.

The set Y™ satisfies our requirements.

The graph of any continuous function f : R™ — R"™ and any function
g:N™ — R™ is a closed subset of R™*". Hence the desired result follows
from (B).

O

We next explore the consequences of Proposition 6.1 in R. Let N* denote
interpretation in R of the £, -formula “zy € Z A zg > 0.” We use the
ers a, 3,7, and 0 to denote elements of N*. We remind the reader that below

finable” means “definable in R”.

When transferred to R, Proposition 6.1 becomes the following statement:
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Proposition 6.2. Let n > 1.

(a) There is a definable (without parameters) subset X™ of R™! such that
{X:r € R} is equal to the collection of all definable subsets of (N*)".

(b) There is a definable (without parameters) subset Y™ of R"™! such that
{Y* :r € R} is equal to the collection of all definable open subsets of R".

Consequently, the same is true with “open” replaced by “closed.”

(c) Let m > 1. There is a definable (without parameters) subset Z™" of R™t"+1
such that {Z™" : r € R} is equal to the collection of all graphs of definable
continuous functions from R™ to R". Moreover, the same is true for all

definable functions from (N*)™ to R".

Proof. Simply let X™ Y™ Z™" be the interpretations in R of the corresponding

sets obtained in Proposition 6.1. O

In this first Corollary, we compare definable connectedness and definable path

connectedness in R-manifolds.

Corollary 6.3. Let X be a definable subset of R™. Then each p-component of X
is definable. Consequently, a definably connected R-manifold is definably path

connected.

Proof. Choose an a in X. By Proposition 6.2, there is an .Z},,;-formula ¢(z, a)
that expresses the statement “There exists a definable continuous path
v :[0,1] = X such that v(0) = a and (1) = z.” This formula defines the

p-component of X containing a. The consequence follows from Corollary 3.10. [

In light of Proposition 6.2, we also get a relative notion of countability.

Definition 6.4. Let A be a definable subset of R". The set A is called
R-countable if there is a definable surjection f : N* — A. Similarly, A is
called R-infinite if there is a definable injection f : N* — A. When A is not
R-infinite, it is called R-finite.
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By virtue of item (C) of Proposition 6.1, a subset A of R™ is countable if and
only if A is Rpej-countable. Similarly, A is finite if and only if A is Ry,q;-finite.

The set N* can also be used to index definable sequences.

Definition 6.5. Let J be a definable subset of N*. Then a definable subset X of
J x R" is called a definable sequence in R". We shall denote such a collection
by (Xa)aes or by just (X,), with the understanding that there is a definable
set J C N* over which «a ranges. Occasionally, we shall also denote a definable
sequence by (X ())a. If J is a subset of .J, then the set X N (J x R) is called a
definable subsequence of (X, )acy-

A definable sequence (X, ), is said to terminate at (3 if X, = () whenever
a > 3. If; on the other hand, the set {« € J : X, # (} is unbounded, then we

say the sequence (X, ), is R-infinite.

We next list some expected elementary results. The proofs are all easy transfer

arguments.
Proposition 6.6. (i) If A is an R-finite subset of R", then A is R-countable.
(ii) If A is an R-countable subset of R™, then A has empty interior.

(iii) If (Xa)aes is a definable sequence of R-countable sets, then the union

UQGJ X, Is R-countable. 0

At certain points in the proof of Theorem 1.8, it is necessary to pass to

subsequences. The next lemma satisfies all of our needs of this kind.

Lemma 6.7. Let J be an unbounded subset of N*. Suppose p : J — (0,00) is
a definable function and that liminf, .., p(a) = 0. Then for any r > 0, there is

a strictly increasing definable function ¢ : N* — .J such that
(i) the composite function po ¢ : N* — (0, 00) is strictly decreasing,

(ii) for all « in N*, we have rp(6(a+ 1)) < p(6(«)), and
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(iii) lim, o p o 6(cx) = 0. O

In analogy with the way we obtained N*, there is a set Q* that we use for
rationals. Namely, we let Q* be the interpretation in R of the Z,0;-formula ¢(z)
given by

Jye€eZ,Iz€Zze =yNz#0).

The elements of Q* are called R-rationals. It follows from a transfer argument
that Q* is R-countable and dense in R. A subset U of R™ is called an
R-rational box if there are R-rationals r,...,r, and si,...,s,, such that

r; <s;fori=1,...,m and
U= (7’1,81) X X (rm75m>-

In this manner, we identify a rational box with an element of (Q*)*™. As

expected, rational boxes form an R-countable basis for the topology on R".

Next, we state a Proposition that replaces topological compactness for closed
and bounded subsets of R". A definable sequence of sets is said to be increasing
(resp. decreasing) if whenever o and 3 are in J and o < 3, then X, C Xj
(resp. X5 C X,).

Proposition 6.8. (i) If W is a definable subset of R"™ that is closed and
bounded, and if (U,), Is an increasing sequence of open subsets such that

W C U, Ua, then there exists a v € N* such that W C U.,,.
(ii) If (Wq)aes Is a decreasing definable sequence of closed and bounded
nonempty sets, then the intersection (), W, is nonempty.
O

We also get a version of the classical Baire Category Theorem. As usual, a

subset Y of R" is called nowhere dense if int(cl(Y")) = 0.
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Proposition 6.9 (Baire Category Theorem). Let (Y,), be a definable
sequence of sets with the property that each Y, is nowhere dense. Then the

union | J,, Yo has empty interior. 0

Finally, we define the Hausdorff limit of a definable sequence. For two
definable closed and bounded nonempty subsets V and W of R", the
Hausdorff Distance d(V,W) is defined by

d(V,W) := max{inf{d(z,V) : x € W}, inf{d(z, W) : x € V}}.

(See (2.1) for the definitions of d(x, V') and d(xz, W).) This yields a metric on the
collection of definable nonempty closed and bounded subsets of R™.
If it exists, the limit lim X, of a definable (R-infinite) sequence (X,), in the
induced topology is called the Hausdorff limit of (X,),. When R = R,;,
it is a classical fact that a closed and bounded collection of nonempty compact
subsets of R™ is compact in this topology. (See for example p. 279 of Munkres
[22].) In particular, every uniformly bounded sequence of closed subsets of R”
has a convergent subsequence.

Since Corollary 6.2 allows us to definably quantify over all definable subsets
of N* and over all closed definable subsets of R", a transfer argument yields the

following;:

Proposition 6.10. If (X,)aes is a uniformly bounded definable R-infinite
sequence of closed nonempty subsets of R", then there is a closed and bounded
definable subset X of R™ and a definable unbounded subset J of J such that X
is the Hausdorff limit of the definable subsequence (X4 ),c7- O

In the course of the arguments below, we need to choose Hausdorff limits in

a uniformly definable way. In the classical setting we have this:

Proposition 6.11. Fix a bounded box B in R". Forp=1,...,K and all ©« and
Jj in N, let Y?(i,7) be a closed subset of B. Then there are unbounded subsets I
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and J of N such that the following hold:

(I) For each p and i € I, the sequence (Y?(i,j));es converges to a Hausdorff
limit Y?(i) whenever it is infinite. In case this sequence is not infinite, we

set YP(i) := ().

(II) For each p, the sequence (Y?(i))ier converges to a Hausdorff limit Y”

whenever it is infinite.

Proof. This is a standard diagonal argument of the kind used in the classical

Ascoli-Arzela Theorem. (See p. 167 of Royden [24].) O
Transferring the previous Proposition yields the next one.

Proposition 6.12. Fix a bounded box B in R". For each p = 1,..., K, let
Y? be a definable subset of (N*)? x B such that for all & and 3 in N*, the set
YP(a, ) := Y(Zﬁ) is closed. Then there are unbounded definable subsets I and .J
of N* such that the following hold:

(i) For each p and o € I, the definable sequence (Y?(«, 3))ges converges to a
Hausdorff limit Y?(«) if this sequence is R-infinite. In case this sequence is

not R-infinite, we set Y?(a) := (.

(ii) For each p, the definable sequence (Y?(«))qaer converges to a Hausdorff limit

Y? whenever it is R-infinite.

Equipped with these tools, we resume our study of Pfaffian closures.
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7 Relative Pfaffian closures

Let S be an expansion of a real closed ordered field in a language Z. Let S be
an expansion of S with the IVP. For all natural numbers 1, we define languages
% recursively as follows: Set % = #. Then %1 is the language obtained by
adding to .Z;, for each .Z;-definable 1-form w and each Rolle S-leaf L of w = 0,
a predicate symbol for L. Define Ly to be the language
Lrone = | J 4,
ieN

and define the structure @(g ,S) to be the expansion of S to the language ZRole-
We call the structure 22(S,S) the relative Pfaffian closure of S in S.

While there is no mention of o-minimality in this definition, we are for now
only interested in the case where S is o-minimal. Note for example that when R
is an o-minimal expansion of R, it follows from Proposition 6.1 and Corollary 6.3
that 2 (R, Rproj) is identical to Speissegger’s Pfaffian closure 2(R) of R.

Recall now that R is a model of TP with an o-minimal reduct R. Let .&
be the language of R. Now any set definable in @(7%, R) is definable in the
language .Z; for some i. If we define 331(75, R) to be the expansion of R to the

language .%;, we see that
P (R, R) = P (P(R,R),R).
Thus to show Theorem 1.8, it suffices to show the following:

Theorem 7.1. The structure 2, (R, R) is o-minimal.

After having read Chapter 6, a reader might reasonably ask whether

Proposition 7.1 could be obtained simply via a transfer argument. A little
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thought, however, reveals that such an argument requires a means to express
in R that a given set is definable in R. Perhaps this could be done, but it would
demand entirely different methods. Also, by circumventing the main obstacles,
this approach is less likely to deepen our understanding of either the new or the
established case. Instead, we opt to broaden an already blazed trail, following
[25], yet watching for previously irrelevant pitfalls and unnoticed vistas.

We begin at the level of R-Pfaffian sets.

Definition 7.2. A subset W of R" is a basic R-Pfaffian set if there are
R-definable 1-forms Wi, . . .,wq on a common open subset U of k", Rolle R-leaves

Liofw;,=0fori=1,...,q, and an R-definable subset A of U such that
W=ANL N---NL,.
An R-Pfaffian set is a finite union of basic R-Pfaffian sets.

Building on the methods of [18], the proof of o-minimality in [25] is axiomatic;
rather than working with R-Pfaffian sets directly, the properties that make
the proof work are isolated through a system of A-sets. In parallel with that
development, we fix a system A = (A, )nen of collections A,, of definable subsets
of R". (Reminder: “definable” means “definable in R.”) A subset W of R" is
called a A-set if W € A,, for some n. We also require that the following seven

axioms be satisfied for W € A,;:
(I) If a subset Z of R™ is definable in R, then Z is in A,,.
(IT) If Z € A, then the intersection W N Z is in A,,.

(III) The cartesian product W x R is in Ap4q.

(IV) If 7 is a permutation of {1,...,n}, then the set
T(W) = {(Zra),- - Ta(m)) : ® € W}isin A,.

(V) There is a natural number m greater that n and a closed W' in A,, such

that W = IT,(W").
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(VI) If 1 < k < n, then there is a natural number K such that for each z in RF

the fiber W, has fewer than K components.

(VII) There is a natural number K and sets W' ..., WX in A, such that
W = U;il WP and each WP is an R-manifold in standard position. (See
Definition 3.5.)

From the A-sets we obtain the A®°-sets.

Definition 7.3. Let W be a definable subset of R¥ x R™ x R', and let
€: (N*)2 — R* be a definable function. A subset X of R™ is obtained from
W if the following conditions hold:

(i) For each pair (a,3), the fiber W, g) is a closed and bounded subset of
R™ x R

(ii) For each a in N*, the sequence (W(a, 3))g of subsets of R™ is decreasing,
where W(a, B) 1= I, (We(a,g))-

(iii) The sequence (W(a)), is increasing, where W(a) := 1, W(a, ).
(iv) Finally, X =, W(a).

When a set X is obtained from a A-set W, we call X a basic A*-set. A A>-set

is a finite union of basic A®°-sets.

Remarks: In the case where R = Ry, this definition agrees with the definition
in [25]. Also, since the function € is required to be definable, each A*-set is
definable too.

In this terminology, the proof of Theorem 7.1 follows from three Lemmas and

a Proposition, which we now state. Let Z be the closed interval [—1, 1].

Lemma 7.4. The collection of R-Pfaffian sets satisfies Axioms (I)-(VII) in the
definition of A-sets.
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Lemma 7.5. Every A-set is a A*°-set.

Lemma 7.6. Let W be a A-set. Then there is a natural number K such that

every basic A*°-set obtained from W has fewer than K components.

Proposition 7.7. The collections of A>-subsets of I (as n ranges over N) form

a structure on T.

The next two chapters are devoted to the lengthy proof of Proposition 7.7,
and we shall prove Lemmas 7.4, 7.5, and 7.6 shortly. For now, let us assume

these results and prove Theorem 7.1.

Proof of Theorem 7.1. Let 7, : R* — (—1,1)" be the R-definable diffeomorphism
given by

x Tn
T @1y ooy Ty) 1= s ey :
(@ ) (wl—i—ﬁ wl—i—x%)

Let .7, be the collection of A*- subsets of Z", and put
I={r7HX): X € F,}.

For each natural number n, we take A, to be the collection of R-Pfaffian
subsets of R™. Then by Lemma 7.4, Lemma 7.5, and Proposition 7.7, the system
() forms a structure on Z. That this structure is o-minimal is a consequence of
Lemma 7.6. It then follows that the system (.#,), forms an o-minimal structure
S on R by virtue of the homeomorphism 7.

We next show that & expands R. Let Y be an R-definable subset of R™. So
To(Y) is R-definable and hence is an R-Pfaffian subset of Z". By Lemma 7.5,
the set 7,(Y) is also in .7}, which is what we needed to show.

To finish the proof it suffices to show that, for every R-definable 1-form w
on U, each Rolle R-leaf L of w = 0 is definable in &; for then it follows that
@(ﬁ, R) is a reduct of the o-minimal structure S. Given w as above, the pullback
¢ := (r7YH*wis a l-form on 7(U). By Lemma 5.7, the image 7(L) is a Rolle R-leaf
of ( =0. Hence 7(L) is a A,-set and L is definable in S. O
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We conclude this Chapter by proving Lemmas 7.4, 7.5, and 7.6 above (in

reverse order).

Proof of Lemma 7.6. Let K be the bound obtained for W from Axiom (VI) for
A-sets. We claim that every basic A*°-set obtained from W has fewer than K
components.

First off, if a subset D of R™** has fewer than K components, then the set
I1,,(D) also has fewer than K components.

Next, assume that (D, ), is a decreasing sequence of closed and bounded sub-
sets of R™ and that each D, has fewer than K components, then the intersection
D := (), D, also has fewer than K components: We may assume D is nonempty.
Let Uy,...,Uk be definable pairwise disjoint open subsets of R™, and assume
that the set D N U; is not empty for ¢ = 1,..., K. Put B := R™\ Ufil U; and
B, := BN D, for each a. We have that (B,), is a definable decreasing sequence
of closed and bounded sets. Now D,NU; is nonempty for each a andi =1,... k.
Thus since D, has fewer than K components, the set B, is nonempty for each
a. It follows from Proposition 6.8 that ﬂfil B, is nonempty. In other words, D
is not contained in the union |, U;.

Finally, it is easy to see that if (D,), is an increasing sequence of closed
and bounded sets and if each D, has fewer than K components, then the union
D =, D, has fewer than K components: If Uy, ..., Uk are any subsets of R"
with the property that D N U; is nonempty for ¢ = 1, ..., K, then there must be
an « such that D, N U; is nonempty for i =1, ..., K. ]

Proof of Lemma 7.5. Suppose W is in A,,, and assume for the moment that W
is closed. Put
W= {(t,z) € (0,00) x R": x € W and |z| < t}.

By Axioms (I),(II), and (III), the set W is in A,41. Observe also that the set W,
is closed and bounded for each a in N* and that W =, W,. This proves the

Lemma for closed sets.
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For a general A,-set W, Axiom (V) says there is an n’ > n and a closed
Ap-set W’ such that W = II,(W’). Since we just proved that W’ is a A>-set, it

follows that its projection W is a A*°-set as well. O

Proof of Lemma 7.4. First note that Axioms (I) and (IV) are obvious. In
addition, for the other Axioms it suffices to consider a basic A,-subset
W=ANL N..NL, of R", where A is R-definable and each L; is a Rolle

R-leaf of a 1-form w; on a common open set U.

Axiom (II): Suppose Z = BN Ly N ... N Ly, where B is an R-definable
subset of R™ and each L; is a Rolle R-leaf of w; = 0 for some R-definable 1-forms
Wgt1, -, wp defined on an open set U;. We claim that W N Z is R-Pfaffian.
By Theorem 1.7, the set L; N U N Uy is a finite union of Rolle R-leaves of
wilvnu, = 0 for each i = 1,...,p. It then follows that W N Z is the intersection of

AN B with a boolean combination of Rolle R-leaves of w;|yny, = 0fori=1,..., 4.

Axiom (III): Put A := A x R and let w; be the 1-form on U x R determined
by the vector field F! = (F};,0). Then L; :== L; x R is a Rolle R-leaf of w = 0
and W x R=ANLyN---NL,

Axiom (V): By Corollary 4.7, there is an n’ > n and a closed R-definable
subset B of R" such that A = II,(B). Now let U’ = U x R™ =™ and let w/
be the 1-form on U’ determined by the vector field F}(x) = (F(x),0,...,0) for
i=1,...,q. Alsoput L}, :== Ly x R~ and W' := BNL,N---N L. Then each
L is a Rolle R-leaf of w; = 0, the set W’ is closed, and W = IL,(W").

Axiom (VI): Let j < n. Here we show that there is a natural number K such
that W, has at most K components for any a in R7. For i = 1,...,7, let w4,
be the 1-form on U determined by the constant vector field F,;(x) = e;. (Recall
that e; is the i-th element in the standard basis for R".) Then by Theorem 1.7,
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there is a natural number K’ such that whenever L; is a Rolle R-leaf of w; = 0
fori=1,...,¢+ 7 theset ANL;N---N Lg; has fewer than K’ components.
Now for each ¢ in R, each component of the set {z € U : z; = ¢} is a Rolle
R-leaf of wyi; = 0. Thus by Theorem 1.7 again, there is a natural number K"
such that the set {x € U : 21 = ay,...,2; = a;} has fewer than K” components
for all a € R’/. Thus for any a in R, the set W, has fewer than K := K’ - K"

components.

Axiom (VII): This Axiom is immediate from the following claim:

Claim. There is a decomposition P of R™ into C'-cells such that P is compatible
with both A and U and satisfies the following property: Whenever a cell N in
P is a subset of A and L; is a Rolle R-leaf of w; = 0 for ¢ = 1,...,q, then
NNLiN---NL,is an R-manifold in standard position.

As in the proof of Axiom (VI), let w; be the 1-form determined by the constant
vector field Fi;(x) = e; for i = {1,...,n}. Then let P be the decomposition
given by Lemma 4.11 applied to the family Q = (wq,...,wy+s). It then follows
from Lemma 5.9 that the set M := NN L;N---N L, is an R-manifold for each
N in P.

To see that NN Ly N---NL,is in standard position, take a strictly increasing
function ¢ : {1,...,k} — {1,...,n}. If we set

J={1,...,q} U{q+:(d) :i=1,... k},

then Lemma 4.11 tells us there is a subset J’ of J such that Q; forms a basis for
Q; along N.
Now by Example 3.3, for any a in M we have

rank, (IL,|5) = dim(I1, (T, M)).
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Moreover,

ker(Il,|7,p) = ToM Nkerll,
= T.N NN ker(wi(a)) N ﬂle eii)
= T.N N, ker(w;(a)).

icJ’

Thus the rank, (II,|y/) = dim(M) — dim(N) + |J'| for all a in M.

95
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8 Closure properties for A*°-sets

This Chapter and the next are devoted entirely to the proof of Proposition 7.7,
which says that the A®-subsets of Z" form a model-theoretic structure (as n
varies). By far, the most difficult part of the proof is to show that the complement

of a A®-set is itself a A°°-set. Let us warm up with the easier tasks.

Proposition 8.1. The collection of A*-sets is closed under taking finite unions,
finite intersections, cartesian products, permutations of coordinates, coordinate

projections, and fibers. Moreover, any R-definable set is a A>-set.

Proof. That the collection of A*-sets is closed under taking finite unions,
cartesian products, permutations of coordinates, coordinate projections, and
fibers is immediate from the definitions. For example, if X is a A®>°-set obtained
from W via a definable function € : (N*)2 — R and if a is in R, then the fiber X,
is obtained from W via the definable function €(«, ) := (e(«, ), a). Moreover,
the fact that an R-definable set is a A®-set is a consequence of Lemma 7.5 and
Axiom (I) for A-sets.

For finite intersections, it suffices to consider basic A*-sets. Suppose that
X and X' are basic A®-sets obtained from subsets W and W’ of R* and R"™
respectively. Then X x X’ is obtained from the A-set

W :={0,0,y,y,272)€ R (0,y,z) €W and (¢,y/,2) € W'}
Let A and A be the sets

A = {(yy) €eR™:y=y} and

A = {0,0,y,y,2,7) € R y=1y'l.
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Then (X x X’)N A is obtained from WNA. Since X N X’ = I, ((X x X') N A),
we see that X N X’ is also obtained from W N Z; that is to say, X N X' is a
A>-set. O]

Remarks: The proof above shows that if X is obtained from W, then the fiber
X, is also obtained from W. Hence by Lemma 7.6, there is a K independent of
a, such that X, has fewer than K components. In addition, if X’ is obtained
from W', then X N X’ is obtained from the set wn A, which depends on W and
W' but not on X nor X'

It remains to show that the A°°-subsets of 7" are closed under taking relative

complements. We restate this as a Proposition:

Proposition 8.2. If a subset X of I™ is a A*°-set, then so is 7™\ X.

To prove this, we collect a few more helpful facts—for instance, that bounded

A>-sets are closed under taking topological closures.
Proposition 8.3. If X is a bounded A*-set, then cl(X) is a A*-set.

Proof. Again we may assume that X is a basic A*°-set. So suppose X is bounded
and obtained from a A-set W. We adopt the notations from Definition 7.3, and
putn=k+14+m+m-+1[. Now let W be the set in Az defined by

W= {0, t,y,9/,2): (0,y,2) € W and d(y,y') < t}.
Since W) is closed and bounded for each o and 3, the fiber We(awg)’t is also
closed and bounded. We also see that

M (Wea,p).0) = S(W(a, ), 1)

by unravelling definitions as follows. (See the conventions in Chapter 1 for the

definition of S(W(«, 3),1).)
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ye SW(a,B),t) & Ty € W(a,) such that d(y,y’) <t
& 3y, z) € Wea,p) such that d(y,y') <t

—~

&y e lln(Weaps)t)-

We prove the existence of a definable function 0 : N* — RF+! such that

(Hm(Wg(a)))a is decreasing and

ML (Wi ) = €l(X).
Define the non-increasing sequences:
pla) = inf{p € (0,00) : cl(X) CT(W(a),p)} and
pl@,8) = inf{p € (0,00) : W(a, ) C T(W(a), p)}.

Since each of the sets cl(X), W(a), and W (a, ) is closed and bounded, it follows
that for all o and 3,

c(X) € S(W(a),p(a)) and
W(e,8) S S(W(a), pla, B))
We claim that lim, . p(a) = 0 and for each « that limg_,. p(c, 3) = 0: Fix
p > 0 and notice that

cd(X) ¢ U,T(W(«),p) and that
NsW(a,8) € T(W(a),p) for all a.

Proposition 6.8 then implies that there is a v in N* such that
cl(X) C T(W(v),p)).
Similarly, for each « there is a 7, such that
W(a,va) C T(W(a),p).

In other words, p(v) < p and p(a, 7a) < p-
Now if there is an « such that p(«a) = 0, then cl(X) = W(a). So we may

assume p(a) > 0 for all a. In this case, for each « there is a least [, such that
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pla, Ba) < p(a). Moreover, by Lemma 6.7 we may assume that 3p(a+1) < p(«)
for each a. Now since W (a) C cl(X) and W(a) € W(a, 5,) for all a, we have

S(el(X),3p(a + 1)) € S(Cl(X), p(a) € S(W (@, Ba), 2p(a)) € S(cl(X), 3p(a)).

Therefore, the sequence (I, (Wp,))a is decreasing and

cA(X) = [ S(W (e, Ba). 2p(a)) = () (W)

where (o) = (a, B4, 2p(a)). This finishes the proof when X is bounded. O

In addition, we need a Lemma and another Proposition. The Lemma makes

use of our version of the Baire Category Theorem (Proposition 6.9).

Lemma 8.4. (i) If X! ..., X? are A®-sets with empty interior, then their

union | J!_, X* has empty interior.

(ii)) Suppose m > 1 and that X is a A*-set contained in R". Then X has empty
interior if and only if the set K := {a € R : int(X,) # 0} has empty interior.

Proof. (i) For each i, there is a definable sequence of closed sets W(«a) such
that X* = |J, W(«). Consequently, each W*(a) is nowhere dense. Thus
the set

UXi = W) u---uwi(a))

aeN*

has empty interior by the Baire Category Theorem.

(ii) The right to left direction is trivial, so suppose K has nonempty interior.
Since X is the union of closed sets W («), it suffices to show that W («) has
interior for some «. We also know that the fiber X, is the union of the
closed fibers (W («)), for each a in R. It follows from the Baire Category
Theorem, that I C |, () where

K(a):={a € R:int(W(a)), # 0}.
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At the same time
K(a)=|J{ae R:UC (W(a))a}

where the union is taken over all R-rational boxes U. Using the Baire

Category Theorem again, we see that for some a and U the set
{a e R:U C (W(«)).}

is dense in an interval I. Now since W («) is closed, the box I x U is
contained in W («) and hence in X. Therefore, X has nonempty interior.

]

The following Proposition conceals much of the difficulty of Proposition 8.2;

we postpone its proof until the next Chapter.

Proposition 8.5. Suppose a bounded subset X of R™ is a A*°-set. Then there
is a closed A*-set Y with empty interior such that bd(X) C Y.

Let us assume Proposition 8.5 for what remains of this Chapter. We finish the

proof of Proposition 8.2 after a quick Corollary.

Corollary 8.6. Suppose a bounded subset X of R™ is a A*>°-set for some m > 1.
Then the set
B:={ac R™":cl(X,) #cl(X),}

has empty interior.

Proof. For each a in B there is an open interval U with R-rational endpoints
such that cl(X,) N U is empty and cl(X), N U is nonempty. Hence B = |J,; By

where U ranges over all such intervals and
By:={a€ R™" "' :c(X,)NU =0 and cl(X),NU # 0}.

Also, each By is contained in the frontier of the bounded A*°-set

I, 1 (X N (R™! x U)). Thus by Proposition 8.5, the set By is contained in
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a closed set Y with empty interior. It follows that cl(By) is nowhere dense.
The Baire Category Theorem now implies that the union |J,; cI(By) has empty

interior. Therefore, B has empty interior. O

Now we come to the proof of Proposition 8.2. In fact, the proof from [25] goes

through as is. We reproduce it with cosmetic changes.

Proof of Proposition 8.2. Suppose a subset X of Z™ is a A*-set. We prove the

following four statements for X by induction on m.

(D), If int(X) = 0, then X can be partitioned into finitely many A*-sets
G1,...,Gg, in such a way that for each ¢ € {1,...,k} there is a per-
mutation m; of {1,...,m} such that m;(G;) is the graph of a continuous
function f; : Il,,_1(m;(G;)) — R. (In case m = 1, this simply means that
X is a singleton {r}.)

(IT),, The components of X are A>-sets.
(II),, The complement Z™\ X is a A*-set.

(IV),, The components of Z™\ X are A>-sets.

Notice that if X is the disjoint union of two A*-sets Y; and Y3, and if any
of (I),,-(II1),, holds both with Y] in place of X and with Y5 in place of X,
then the corresponding (I),,-(III),, holds. However, we must exercise more care

with (IV),,. Moreover, whenever any of (I),,-(IV),, holds, the corresponding
(Dns1-(IV) g1 holds with X x Z in place of X.

The case m = 1 is easy: Components in R must be convex. Since X has
only finitely many components by Lemma 7.6, each component is also definable
by Proposition 2.6. Consequently, each component of X is either a point or an

interval.
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Now let m > 1, and assume that (I),-(IV); hold for all & < m.

Claim. Suppose that there is a A®-set Z C Z™ with empty interior such that
X C Z and (I),,-(IV),, hold with Z in place of X. Then (I),,-(IV),, hold.

To establish the claim, take Gy, ..., Gy as in (I),, with Z in place of X. Then
mi(G N X) is the graph of the continuous function f; restricted to the domain
I1,,,—1(m(G; N X)). This shows (I),,.

Now X is contained in the finite disjoint union {J,_, _, Gi, and

k
"X = (I™\Z2) U JG\X.
i=1
Hence for (II),,-(IV),,, it is enough to show that the sets G;\X and the
components of both G;\X and G; N X are A®-sets. So fix an ¢ € {1,...,k},
and without loss of generality assume that the permutation m; is the identity.

Now by Proposition 8.1, the set
I, 1(GiNX) =11,1(G;) NII,,,_1(X)
is a A*-set. Moreover, (II),,_; tells us that the set
L1 (G\X) = Iy—1 (G1) N (Z™ N\ (X))

is a A*-set, and that the components of both I, 1(G; N X) and II,, 1 (G;\X)
are A®-sets. Then it follows that

is a A*-set. Similarly if C' a component of G; N X (respectively G;\X), then
I1,,—1(C) is a component of I1,,,_1(G1 N X) (respectively II,,,_1(G;\ X)) and hence
a A>-set. We conclude that

C= [Hm_l(O) X I] ﬂGZ‘

is a A®°-set. This finishes the claim.
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We now divide our task into two Cases:

Case 1: X has empty interior. For ¢ € N, define the sets

Ci == {a€eZ™!:|X,|>1i} and
D; == {a€ZI™!':|X,|=1}.

Using that the collection of A*-sets is closed under projections, cartesian
products, and intersections with R-definable sets, it is routine to see that each C;
is a A*-set. Additionally, it follows from (III),,_; that D; = C;\Cji11 is a A*®-set.

By the first remark following Proposition 8.1, there is a number K such that
the fiber X, contains an interval whenever | X,| > K. Thus we have that C; = Ck
for all i > K. By (IIl),,_; again, the set Z" '\Cx is a A®-set, and it follows

that the sets
X, = XN[Z™"\Ck) xZ] and

Xy = XN(Ckx1I)
are also A>-sets. To finish this Case, it suffices to show that (I),,-(III),, hold
with X; and with X5 in place of X and that (II),, also holds with the (then
A>°-)sets
X3 = [(ZT™'\Ck)xI]\X; and
Xy = (Ckx xI)\Xo.
in place of X. (This suffices since X = X; U Xy and Z™\ X = X3 U X,.)
For 1 < j <i < K, begin by setting

Xij=A{(a,y) € D; x T :y is the j-th element of (X;),}.
It is again routine to verify that X, ; is a A*-set. If we now put
S@j = {Cl € Dl : ‘(Cl(Xz,j))a’ 2 2},

then by Proposition 8.3, each S, ; is also a A*-set. Notice as well that

Sig C{a € I™ " el((Xig)a) # (cl(Xi))a},
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and so each S, ; has empty interior by Corollary 8.6. Now let S be the A*-set
given by

S = U S@j,

1<j<i<N

and observe that Lemma 8.4 (i), tells us that S has empty interior.

By our inductive assumption, the statements (I);,—1-(IV);,,—1 hold for S,
and consequently (I),,,-(IV),, hold for S x Z. By the Claim, we conclude that
(D)m-(IV),, hold with the set X; N (S x Z) in place of X. On the other hand, (I),,
also holds with X7\ (SxT) in place of X: for each ¢ and j, the set X, ;N[(D;\S) xZ]
is the graph of a continuous function f;; : D;\S — R, which is a A®-set by
(I1I),;,—1. Thus (I),, holds with X7 in place of X.

Now using (II),,—1 and (III),,_;, the components of the sets D;\S and their
complements (I™1\D;) U S are all A™-sets. Note that each component of
X1\ (S x 7) is a finite disjoint union of sets of the form X; ; N (C x I), where C
is a component of D;\S. We show that (II),, and (III),, hold with these sets in
place of X. Now (II),, is clear since X; ;N (C x Z) is equal to the continuous func-
tion I'(f; j|¢) and hence is definably connected. Notice also that the complement

I™\[X;; N (C x )] is the union of the three A*-sets
(fijle,00), (=00, fijlc) and (Z™N\O) x T.

The first two of these sets are definably connected, and the components of the
last set are A®-sets. It follows that (II),, and (III),, hold with X; in place of X.

At this point we conclude that X3 is a A®-set, and we next show that (II),,
holds with X3 in place of X. Now (II),, holds with X3 N (S x Z) in place of X,
since S x 7 has empty interior and (I),,-(IV),, hold for S x Z. Furthermore, each

component of X3\ (S x Z) is the union of definably connected sets of the forms

(—00, fi,1|C>v (fi,j\c, fi,j-l—l’C)» (.fi,i|Ca OO)

where 1 < j < i < K and C ranges over the components of D;\S. Since these
are all A>-sets, we see that (II),, holds with X3\(S x Z) in place of X. Hence
(IT),, holds with X3 in place of X.
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We turn our attention to X, and X,4. Note that by our inductive assumption
(D)pm—1-(IV) -1 hold with C in place of X. Consequently (I),,-(IV),, also hold
with Cx x Z in place X. Observe that Cx = Il,,_1(X3) and that for each a in
Ck the fiber (X3), contains an interval. Lemma 8.4 (ii) then tells us that Ck
has empty interior so that C'x x Z has empty interior as well. Then since X, is
a subset of C'x x Z, we apply the Claim again to conclude that (I),,-(IV),, hold
with X5 in place of X. We know now that X, is a A*>°-set, and since X} is also
a subset of Cx x Z, the Claim implies that (I),,-(IV),, hold with X, in place of
X. This finishes the first Case.

Case 2: X has nonempty interior. We need to show (II),,-(IV),,. Use Propo-
sition 8.5 to find a closed A®-set Y with empty interior such that bd(X) C Y.
We have already shown in the first Case that (I),,-(IV),, hold with Y in place of
X. Thus by the Claim, the statements (I),,-(IV),, hold with X NY and Y\ X in
place of X. Now suppose C is a component of Z"\Y". Then since bd(X) C Y, we
have C' = (int(X)NC)U((Z™\ cl(X))NC). Thus (since C' is definably connected)
either X NC =0 or C C X. Tt follows that (II),, holds since each component
of X is a union of components of X NY and components of Z™\Y. Similarly
(IV),, holds since each component of Z"\ X is a union of components of Z™\Y
and components of Y\ X. Since there are only finitely many such components
and they are all A*-sets, it follows that (III),, holds as well. This completes the

proof. O]
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9 Approximating the boundary of a A*-set

In this Chapter, we prove Proposition 8.5. We start modestly with a version of

Corollary 8.6.

Lemma 9.1. Let m > 1. Suppose a bounded subset X of R™ is a A*°-set. Then
the set
B:={a€R:cl(X,)#cl(X).}

is R-countable.

Proof. For each a in B there is an R-rational box U C R™ ! such that cl(X,) N U
is empty and cl(X), N U is nonempty. Hence B = |J;; By, where U ranges over

all R-rational boxes in R™ ! and
By :={a€R:cl(X,)NU =0 and cl(X),NU # 0}.

For each U, the set By is contained in the frontier of the A*®-set II; (X N (R x U))
and is therefore finite by Lemma 7.6. Corollary 6.6 (iii) tells us that the set B is
R-countable. O

Lemma 9.2. Let m > 1, let W be a A-set, and let (Y(«)), be a definable
sequence of A®-sets in R™ obtained from W. Suppose that the sequence (Y (@))a

converges to a Hausdorff limit Y. Then the set
D:={a€R:Y,#0 and (Y(),)a does not converge to Y,}
is R-countable.

Proof. First notice that D := |J;,, Du, where U is an R-rational box in R™'
and

Dy, ={a€R:Y,NU #0and Y(a), NU =0 for all a > ~}.
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Thus it suffices to show that each Dy, is R-countable. Fix U and v. By Lemma
7.6, there is a K such that Y («) N (R x U) has fewer than K components for all
a. We show that |Dy,| < 2K — 1.

For k =1,...,2K — 1, assume for a contradiction that we can choose distinct
ap in Dy .. Let s > 0 be such that the intervals I, := (ay — s, a; + s) are pairwise
disjoint. Then choose v > 7 so large that Y (a)N (I, xU) # 0 for each k. It follows
that for each component C' of Y (a) N (R x U) there are at most two numbers k
such that Y (a) N (I x U) meets C. This means that the set Y (a) N (R x U) has

at least K components, a contradiction. O
With these Lemmas at our disposal, we prove Proposition 8.5.

Proof. We may assume that X is a nonempty basic A®°-set obtained from a
subset W of R™. Since X is bounded, there is an r > 0 such that W is a subset of
RF x [—r,r]™ x R!l. The set Y that we are looking for is obtained with Hausdorff
limits as follows:

Using Axiom (VII) for A-sets, we find W1, ..., WX in A, such that
W = Uff:l WP and each WP is an R-manifold in standard position. In particu-
lar, each nonempty fiber WP with € in R* is an R-manifold in standard position
by Corollary 3.7. Moreover, there is a natural number d, that is independent of

e such that whenever WP is nonempty the map Il,,|y» has constant rank d,.

For each o, 3, and p = 1,..., K, we put Y?(«, 3) := Hm(cl(Wf(a ﬂ))). Then
we apply Proposition 6.12 to get unbounded definable subsets I and J of N* such
that the following hold:

(i) For each p and a € I, the sequence (Y?(a, 3))ses converges to the Hausdorff
limit Y?(«) if this sequence is R-infinite. Otherwise we put Y?(«) = ().

(ii) For each p, the sequence (YP(a))qes converges to a Hausdorff limit Y? if

this sequence is R-infinite. Otherwise put Y? = ().



PhD Thesis — S. Fratarcangeli McMaster—Mathematics & Statistics 68

Finally, we set Y := J, o Y? where

peES
={ped{l,...,K}:d, <m}.

We shall call Y the (I,J)-approximation of bd(X) whenever Y is obtained
in this way, since Y is determined uniquely by I and J (and the R-manifolds
Wt .. WE).

Now for each « in I, each § in J, and each p in S it is convenient to define

¢

A(Y?(a, B), Y?(a)) if Y?(a) £ 0 and Y7(a, 5) # 0
pp(a, ) = 0 if YP(a) = 0 and YP(a, ) =)

\ 1 otherwise.

)
d(Y?(a),Y?) if YP(a) # (0 and Y? #£ ()

pp(a) = 0 if YP() =0 and Y? =1
\ 1 otherwise.
Notice that for each p = 1,..., K, we have liminf,e; p,(ar) = 0. Moreover,

for each p=1..., K and « in I, we have liminfge; p, (e, 3) = 0.
We next show that Y satisfies the conditions of the Proposition 8.5 through

three claims.

Claim (1). For each p in S, there are a natural number n(p) > n and a A,,(,)-set
W? such that the sets Y? (a) and YP are basic A*®-sets obtained from Wr. In

particular, Y is a A*-set.

Fix p in S. To slightly simplify notation, we write p(«) for p,(a) and p(«, )
for p,(a, B). By Axiom (V), there are a number I’ > [ and a closed set V' in
Agtmr such that W? = I, (V). Note that since WE’ECL 8) is bounded, for each

a and ( we have

Y (0 §) = W (W2, ) = d(ILu(WF, ) = AL (Vi) (0.1)



PhD Thesis — S. Fratarcangeli McMaster—Mathematics & Statistics 69

Let n(p) :=k+1+14+m+m+1, and let 2’ = (0,t,s,y,y, 2') range over R™P),
Consider also the A-set

WP .= {ZE, : (eaylvzl) € ‘/7 d(y7y,) < t, and ||Z,|| < S}'

Before we show that Y?(«) and Y? are obtained from we , we introduce some

more notation. Define the set
U:={2": (0,y,2) eV, dy,y) <t, and ||?|| < s},

and observe that for each «, 3,0, and p the set I1,,,(Ue(a,g),p,6) is open in R™. Also,
for each a, 3 and p such that Y?(«, 3) is nonempty, we have
S(Yp(aa 5)7 p) C U Hm<Ue(o¢ﬂ)72p,6)' (92)
SEN*
To see this, choose y € S(Y?(«, 3),p). By definition, there is y" € Y?(«, )
such that d(y,y”) < p. Thus by (9.1) above, there is (y',2') € V() such that
d(y,y') < 2p.
From Proposition 6.8, we deduce that for each «, 3, and p there is a 7 such

that
S(Yp(a7 5)7 p) C Hm(UE(a,,B)Qp,’y)- (93)

Unravelling definitions, we also see that for all o, 3,9, and -,

Hm(Ue(a,ﬁ),p,é) - Hm(Wep(aﬂ)Vp,(g) - S(Hm‘/s(a,ﬁ)vp> - S(Yp(aaﬁ)a P) (94)

We are now set up to prove the claim. First, fix o such that Y?(«) is nonempty.
Using Lemma 6.7, we may assume that 5p(«a, 54 1) < p(a, 3) for all 5 in N*. For
each f3, define v(3) to be the least 7 such that

S(YP(a, B),2p(r, 8)) C I (Uea,8),4p(c8)7(5))

as given by (9.3). Then for all § in N*,
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S(Y?(a),ple, B)) S S(YP(a, B),2p(cx, B))
Hm(Wﬁp(aﬂ)Ap(aﬁ)ﬁ(ﬁ))
S(Y?(a, 8),4p(c, B))
S(Y?(a),5p(a, B)).

It follows that Y?(«) is the decreasing intersection of the definable sequence

N 1N

N

—~

(T (W

c(a8) dp(a3)~(5)) ) Of closed and bounded subsets of R™.

Now assume that Y? is nonempty. Then by Lemma 6.7 we may assume that
8p(a+1) < p(a) for all . Now for each «, define () to be the least 3 satisfying
pla, B) < p(a). Likewise, define y(«) to be the least v satisfying

S(YP(a, B(a)), 3p(a)) C ILn(Ueta,8(a)) 6p(c) ()

as given by (9.3). Then for all o in N*,

S(Y?, p(a))

N

S(Y(a), 2p(e))
S(Y*(a, B(a)), 3p(a))

m (Wep(a,ﬂ(a))ﬁp(a)ﬁ(a))
a, B(CO)? 6p<05))
a), Tp(a))

S(Y?,8p(w)).

N N NN
=
>~<
s}

N

Once again this means that Y? is the decreasing intersection of the closed and

bounded sets (Hm(/wvf(aﬁ(a)),ﬁp(a),'y(a)))0" This finishes the proof of Claim (1).

Claim (2). Y contains bd(X).

Fix a € bd(X) and choose an arbitrary ¢ > 0. Since Y is closed, it suffices to
show that d(a,Y’) < 4t.
Define d(a) := d(a,W(a)) for each o in N*. Since X is the union of the

increasing sequence (W (a)),, it follows that lim, . d(«) = 0. Thus there is an
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a in [ so large that p,(a) < t for all p in S and d(a) < t. Fix such an «, and
choose b in W («) such that d(a,b) = d(a). Such a b exists since W (a) is closed.

Since it follows that b € bd(W(«)), the set B := B(b,t)\W (a) is nonempty.
Choose a point ¥’ € B. Since the set W («) is the decreasing intersection of the
sets W («, 3), we conclude that b ¢ W (a, 3) for all sufficiently large 3. Thus we
may choose a 3 in J so large that b’ ¢ W (a, 8) and p,(a, 5) <t for all pin S.

Now consider the line segment [b,b'] joining b and & in R™. Since the set
W(a, 5) N [b, V] is closed and nonempty, it must contain a point ¢ closest to
b'. Note that d(a,c) < 2t. But there also must be a p in S such that ¢ is in
11 (W, 5); this is because the set IL,(WF, ;) is open in R" whenever p is not
in S by the Rank Theorem (Corollary 2.14). Since then ¢ is in Y?(«, [3), we also
have d(c,Y?) < 2t. This finishes the proof of Claim (2).

Claim (3). Y has empty interior.

We prove the following by induction on m: Let a subset X of R™ be a A*-set
obtained from a A-set W. Let W be the union of A-sets W, ..., WX that are
R-manifolds in standard position. Let Y be the (I, J)-approximation of bd(X).
Then Y has empty interior.

If m =1, then d, = 0 for each p in S. Then by the Rank Theorem, for
each € in R' and each point x in WP, there is a rational box U containing x
such that the projection IT; (U N WP) is a singleton {r}. It follows from the Baire
Category Theorem that the set II;(WP) has empty interior. From Axiom (VI) for
A-sets, we know that the number of components in szm 5 is uniformly bounded.
Consequently, the set Y? is finite for each p in S.

Now let m > 1, and assume that the result holds for lower values of m.

Consider the set
H:={a € R:Y, is not the (I, J)-approximation of bd(X,)}.

Since X, is also obtained from W, the set Y, has empty interior for each a € R\ H
by the inductive hypothesis. By Lemma 8.4(ii), it suffices to show that H has
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empty interior.
Now since each W7 is in standard position, each fiber W?_ is an R-manifold in
standard position (Corollary 3.7). Moreover, there is an e, < m — 1 independent

of (¢, a) such that the projection II,,_1[yp, has constant rank e,. We define
S'={pe{l,...,K}:e, <m—1}.

Then by definition, the set H is contained in the union of the following sets:

Gl f) = {a€R:Th(ed(W2, , ) # Y?(a, B
GP(a) == {a€R:YP(a), #0and Im(Y?(a, 5)a)ses # YP(a)a.},
GP = {a€R:YP#(and im(Y?(a)a)aer # Y7F},
G = {a€eR: Upes YP £ Upes, YP}.

By Proposition 6.6, it suffices to show that these sets are R-countable for o in

and (3 in J.

For each p, we have GP(a, 8) € {a € R : l(W], 5 ,) # W(W[, 5)a}, s0
each GP(a, ) is R-countable by Lemma 9.1. By Lemma 9.2 and Claim (1), the
sets GP and GP(«) are R-countable for all a in I. It remains to show that G is
‘R-countable.

Let

GP = G\ (GP ulJ (Gp(a) Ul Gp(a,ﬁ)>) .

ael psedJ

It suffices to show that GP is R-countable. Notice that S’ is a subset of .S, so that
if a is in G, there must be a p € S\S’ such that Y? is not empty. Fix such a p.
Note that if a is in GP, then there are o and ( in N* such that Wep(a 5).q 18 DOt

empty. Thus it suffices to show that {a € R: W/ _ . ~# 0} is R-countable. We

€(a,8),
in fact show that it is finite.
Fix o in I, # in J, and to simplify notation set € := €(«, 3). Notice now that

d, = €, =m —1 and that the dimensions of W? and WP, are the same whenever
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the fiber W2, is not empty: Given b € II,,,_1(WP?,), we have the equalities

dim(WP?) — d, = dim(W?”

€,a,b

) = dim(We,) — e,

by Theorem 3.4. Consequently, the set {a} x WP, is relatively open (and closed)
in W? for each a in R. Hence the number of nonempty fibers W?, cannot exceed
the number of components of WP?. Since this number is finite by Axiom (VI),

Claim (3) is proved. This completes the proof of Proposition 8.5. O

And that completes the proof of Theorem 1.8.
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10 7T-absoluteness

Now that we have generalized Theorem 1.6 to arbitrary models of TP™), we need
to study how to pass information from one model to another. In particular, we
want to use model-theoretic compactness to prove Theorem 1.10—but in order
for the argument to work, we need to know something like the following: Suppose
a formula ¢ defines an S-Rolle leaf in a model S of TP™. Then ¢ also defines an
R-Rolle leaf in a model R of TP*. We clarify this after resetting our assumptions.

We relax for the moment our assumption that R models TP, Instead, we
require only that R has the IVP. We let T" denote the theory and £ the language
of R. All formulas below are assumed to be Z-formulas. The structure S =
(S,...) here denotes another model of 7', and for convenience we assume that R
and S are both elementary submodels of a common model of T'.

Here are the main questions: Let ¢ be a formula, and let P be some topological
property of sets. Suppose that the interpretation ¢(R™) of ¢ in R" has property
P. Does it follow that the interpretation ¢(S™) of ¢ in S™ also has property P?
Suppose, moreover, that we have a definable family {¢(R",b) : b € R™}. Is the
set

{b € R™: ¢(R",b) has property P}

definable? Does the same formula define the analogous set in &7

In case that P is the property of being open, the answer to all of these
questions is easily seen to be yes: let dy(y) be a formula expressing that there is,
for each point z in ¢(R",y), an open box B around z contained in X. Then for
all ¢ in S, we have that S = d,(c) if and only if the set ¢(S™, ¢) is open. Indeed,
this fact has already been used in Chapter 6. This case is the ideal situation and

the motivation for the next definition.
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Definition 10.1. Suppose P is a property of sets. We say P is T-absolute if
for each formula ¢(x,y) there is a formula dy(y) such that for each model S of T'

and all ¢ in S™ we have the following:
The set ¢(S™, ¢) has property P if and only if S = dy(c).

As discussed above, the property of being open (in the ambient universe) is
T-absolute. It follows that the property of being closed is also T-absolute. It is

also elementary to prove that the following properties are T-absolute:
e P(X):=“X is the graph of a definable function.”
e P(X) :=“X is the graph of a definable injection.”
e P(X):=“X is the graph of a function of class C* (for fixed k).”

e P(X):=“X is the graph of a definable path 7 : [0, 1] — R" of class C1.”

P(X) :=“X is the graph of a nonvanishing vector field of class C*
(for fixed k).”

Now what happens if the property P is that of being definably connected?
When is definable connectedness T-absolute? Here is a first approximation to

what we want:

Proposition 10.2. Let ¢(x,y) be a formula, and let K be a natural number
such that for all b in R™ the set ¢(R",b) has fewer than K components. Then
for any model § = (S, <,...) of T and any b’ in S, the set ¢(S™, V') has fewer

than K components.

Proof. Let § be a model of T, and suppose for a contradiction that the set
Xy = ¢(S™, V') has at least K components for some ' in S™. Then there are K
(-definable families UL, U2, ... UK of subsets of S™ and a ¢ in S’ such that

(1) each U! is an open subset of S™,
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(2) the sets U! are pairwise disjoint,
(3) Xy C Ui:l,.‘.,K U¢, and
(4) for each i =1,..., K the set U’ N X}, is not empty.

One can write down a first-order parameter-free formula that expresses that there
are b’ and ¢ satisfying all of these conditions. This formula must hold in any model

of T', a contradiction. O

For full T-absoluteness of definable connectedness, we bump up against an

equivalence.
Proposition 10.3. The following are equivalent:
(1) Definable connectedness is T-absolute.

(2) For each formula ¢(x,y) there is a formula 14(x,y) such that for all ¢ in R™,
the set ¢(R",c) is not definably connected if and only if the set 14(R", c)

is a proper nonempty closed and open subset of p(R"™, c).

Proof. For the direction (1)=-(2) suppose that definable connectedness is
T-absolute. Let ¢(z,y) be a formula, and suppose for a contradiction that there
is no corresponding 1,(z,y). Let the formula d4(y) be as in the definition of
T-absoluteness, and let x,(y) be a formula expressing that ¢(R", y) is a nonempty
proper closed and open subset of ¢(R",y). Then the type

O = {—xy(y) : ¥ an L5 — formula} U {—dy(y)}

is consistent. Consequently, this type is realized in some model of T" by the
compactness theorem, a contradiction.

For the converse, simply take d,(y) to be =y, (y). O

Under the assumption of w-saturation, here is a related fact:
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Proposition 10.4. Suppose R is w-saturated and that definable connectedness
is T-absolute. Suppose that X, is a definable family such that each fiber X, has
only finitely many components. Then there is a natural number K such that

each fiber has fewer than K components.

Proof. Using Proposition 10.3, there are families Xg and XZ} such that whenever
Xy, is not definably connected, X and X! partition X into two relatively closed
and open sets. Assuming that members of the family X, have arbitrarily large
numbers of components, the same must be true of one of X 5 or Xyl. Repeating this
argument, we construct a sequence o € 2 such that for every finite truncation o
of o, the members of the family X g have arbitrarily large numbers of components.

In this way we obtain a consistent type
ply) = {Xf’o) # 0 A Xf’l) # () : 7 is a finite truncation of o}.
Choose a b that realizes p; then X, has infinitely many components. m

We now turn our attention back to TP, From now on we assume that R is

a model of TP, We note first that definable connectedness is TP™-absolute.

Lemma 10.5. Let K be a natural number. The following properties P are

TPi_absolute:
e P(X):=“X has at least K components.”
e P(X):=“X has at least K p-components.

Proof. To prove the first statement, let X™ be the definable subset of R"*!
given by Corollary 6.2, the fibers of which are precisely the open subsets of
R". For a formula ¢(z,y), let ds(y) be a formula expressing that there is a
K-tuple (ry,7,...,7k) in RE such that the sets X are pairwise disjoint, each
has nonempty intersection with the set ¢(R",y), and their union covers ¢p(R",y).

For the second statement, let dy(y) be a formula that expresses that for each

i=1,..., K, there is an a; in ¢(R",y) such that whenever 1 <i < j < K, there
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is no definable continuous path connecting a; to a; whose image lies in ¢(R",y).

Again, Corollary 6.2 guarantees that such a formula exists. O]
Now we check TP™-absoluteness up to the Rolle property.

Lemma 10.6. Fix natural numbers m and k. Then the following property P is

TProi_absolute:

e P(X):=“Xisa TProi_manifold of dimension m and class C*.”

Proof. Using Corollary 6.2, there is a first-order formula dg4(y) expressing the

following:
“For every x in ¢(R",y), there is a chart ¢ for ¢(R",y) at x.”
Then dy(y) satisfies our requirements. O
Similarly using Lemmas 10.5 and 10.6, we obtain another Lemma.

Lemma 10.7. Let (w,),cr be a parameter-free definable family of 1-forms on
a definable family (U,),cr of open sets. Then the following properties are

TPri_absolute:

e P(X) :=“There is a parameter c such that X is an integral TP -manifold

of w,=10.”7
e P(X) :=“There is a parameter ¢ such that X is a Rolle T -leaf of w. = 0.”

Proof. By Corollary 6.2 and Corollary 10.5, we can definably quantify over all
definably path connected R-manifolds of dimension 1 and class C*. O

We conclude this Chapter by proving Theorem 1.10 from Theorem 1.8. In fact,
we prove a slightly more general version after modestly extending the definitions.
Let £ be the language of some o-minimal structure S that expands a real

closed field and has an expansion to a model S of TP™. Let P,...,P; be
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predicate symbols each of which is neither in .Z,,,; nor in L. Let d = (00, .-, 05)

be a tuple of L-formulas.

Definition 10.8. We say that a subset X of S™ has format ® if there are

Zoroj-formulas x; for ¢ = 1,..., j such that the following hold:
(1) Each ¢; is in the language §U{P1, ..., P}, and each y; is an Z},0;-formula.

(2) For ¢ = 0,...,5 — 1, each ¢;[x1,...,x:] defines (in S) the graph of a

nonvanishing vector field on an open set U;.

(3) For i = 0,...,j — 1, each y;;; defines an S-Rolle leaf of the nonsingular
1-form determined by ¢;[x1, - - ., Xi]-

(4) The set X is defined by the formula ¢;[x1, ..., x;]-
Here is the generalization of Theorem 1.10 that we prove:
Theorem 10.9. There is a natural number K such that whenever
(i) & is a structure that is elementarily equivalent to S,
(ii) 8’ has an expansion S' to a model of TP},
(iii) X is a set that is definable in 2(S',S'), and
(iv) X has format P,

then the set X has fewer than K components (with respect to S’).

In other words, the bound K does not even depend on the structure S.

Proof. For the sake of notation, we assume that each y; has n; free variables.
Then we use the variables z° := (z1, ..., Tp,,).

Let R be an w-saturated elementary extension of S, and assume first that for
each K there is an R-definable set Y with format ® and at least K components.

By Proposition 6.2 and Lemma 10.5, for each ¢ = 1,...,5 — 1 there is a formula
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xi(z',t) such that the set {x;(R",r):r € R} is equal to the collection of all

R-Rolle leaves of all 1-forms corresponding to the definable vector fields

oilxa(et el xia (@ T () (10.1)
as the parameters c',... ¢! vary. By Proposition 10.4, there are in fact
parameters ¢!, ..., ¢! such that the formula

$ibxa(a’ ), @ () (10.2)

defines a set Y with infinitely many components and also such that y;(x?, c')
defines a Rolle R-leaf of a 1-form determined by (10.1) for ¢ = 1,...,5 — 1.
Hence Y is definable in the o-minimal structure &(R|z R). This contradiction
shows that there is a K such that every R-definable set with format ® has fewer
than K components.

For the general case, notice that every S’-definable set with format ® is defined
by formula (10.2) for some choice of parameters c',... ¢/~1. The result now

follows from Proposition 10.2. O]
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11 Discussion, connections, future directions

Recall that R is an elementary extension of Rp,,; and that 7 is the language
of an o-minimal expansion R of R. In the proof of Theorem 1.10, we used the
structure (R z; R) to obtain information about the standard Pfaffian closure
2 (R). Now that we have proved that the structure Z(R| 77R) is o-minimal,
other questions quickly emerge.

For instance, is the structure &(R|; R) interdefinable with the reduct of
R to the language Lpr.g of the structure 9(@)‘7 If this were the case, then we
could have easily obtained the o-minimality of &(R|z;R) through elementary
arguments. At present, we cannot rule out this possibility; however, we take
some consolation in the fact that were this the case it would also imply a positive
answer to Hilbert’s 16th problem. This Chapter explores such connections and
ties up some loose ends.

Consider the following statement about 2(R):

Property 11.1. (¢f. Lemma 10.5) For each n and each 2(R)-definable family
of 1-forms (w.),cpr there is a P(R)-definable set X C R™™ such that

{L c R™: L is a Rolle leaf of w. = 0 for some ¢ € R*} C {X, : a € R™}.

We shall express Property 11.1 with the phrase: “Rolle leaves are uniformly

definable in Z(R).”

Proposition 11.2. The following are equivalent:

(1) Rolle leaves are uniformly definable in 2(R).

(2) Whenever R is an elementary extension of Ry,.;, and Y is definable in

P (R|prs» R), then Y is already definable in R| s -
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Proof. Assume (1) holds. By the construction of 2 (R| 4, R), it suffices for
(1=2) to show (2) under the assumption that Y is a Rolle leaf of w = 0 for some
R 4, .-definable 1-form w. Any such w is a member of a definable family (w, ), g
of R|gp,.q-definable 1-forms, and TP implies the following statement: “if L is
a Rolle R-leaf of w. = 0 for some ¢, then there is an a in R™ such that L = X,.”
Thus Y is R| 4, ,-definable.

Conversely suppose (1) fails, and let (w,),cpr be a definable family of 1-forms
that witnesses this. By Corollary 6.2 and Lemma 10.5, there is an Rp,,j-definable
family (Z,) such that

{Z,:be R™} = {L C R": L is a Rolle leaf of F, for some ¢ € R*}.
But then the type
p(y) = {Vw(Z, # Wy) : W, is a 2 (R)-definable family}

is consistent. Hence p(y) is realized by some b in some elementary extension
R of Rp5. Again by Lemma 10.5, the set Z; is a Rolle R-leaf, but Z, is not
R| %p.s-definable. O

We next describe a proof of the fact that if Rolle leaves are uniformly defin-
able in the structure 2(R), then we obtain a positive answer to Hilbert’s 16th
problem. Without providing details, we use the set-up of Dolich and Speissegger
in [3], which itself is inspired by [21].

Recall that, given a (possibly singular) 1-form w on R?, a limit cycle of w = 0
is a compact leaf L of w = 0 for which there is a noncompact leaf L’ such that

L C cl(L'). Hilbert’s 16th problem asks for a proof of the following statement:

There is a function H : N — N such that for all d in N, if w =
p(x1, 29)dzy + q(71, 3)dTy is a 1-form defined on R? with polynomial
coefficients p and ¢ each of degree at most d, then w has at most H(d)

limit cycles.
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For any 1-form w on R? with analytic coefficients, a construction in [3] yields
a function § : R? U {cc} — R? U {o0}, called a progression map associated to

w, with the following properties:

(i) There is a 1-dimensional definable subset B of R? such that B intersects

each compact cycle, and the image of f is contained in B U {oo}.

(ii) There is a natural number [ such that for every = in B the point z is in the
set Fixp(f!) := {x € B : f{(x) = x} if and only if there is a compact leaf of
w = 0 that contains z. (Here ' denotes the I-th iterate of f.)

Notice that each limit cycle contains a point of bd(Fix;(f')). Consequently, if
the set T'(f) N R* is definable in the o-minimal structure 2 (R), then the set
bd(Fixp(f')) is definable and 0-dimensional—that is to say, finite.

Assume now that Rolle leaves are uniformly definable in 2(R). Then the
construction in [3] can be done definably and uniformly for families of 1-forms
definable in 2 (R). In particular, for the family (w.) of all polynomial 1-forms
of degree at most d, there are definable families (f,) and (B,) such that for each
choice of parameters ¢, the function f. and the set B, correspond to w,. as described
above. Moreover, the number [ can be chosen independently of the parameter c.
Since the family bd(Fixp, (f)) is definable and uniformly finite, the number of
limit cycles of w, is bounded.

Remarks: Hilbert’s 16th problem remains open, but a variant known as
Dulac’s problem has been settled. In the case that w has analytic coefficients, it
was shown independently by II’'yashenko [11] and Ecalle et al. [5],[6] that w =0
has only finitely many limit cycles. These proofs corrected an erroneous proof

given by Dulac in [4].

We next explore some other issues raised by Theorem 1.8. Suppose we are

given an o-minimal expansion R of a field R. If we wish to find an o-minimal
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Pfaffian closure as above, we need to produce a set Z* such that (R, Z*) expands

R and models TP, Rephrased as a question,

Question 1. When is an o-minimal expansion of a real closed field compatible

with the projective hierarchy?”

Even in the event that we can find such an expansion, to what extent is the

induced Pfaffian closure unique? That is,

Question 2. Suppose R and R’ are two expansions of R that model TP, Is
the structure (R, R) isomorphic to (R, R')?

Turning to what is known, we offer two settings where Theorem 1.8 does

apply.

Proposition 11.3. Suppose R is a countable elementary substructure of Ry,.;,
and R is any o-minimal reduct of R with a countable language. Then & (’fé, R)

has a countable language.

Remarks: In this case, the structure 9(7%, R) is an o-minimal Pfaffian closure
that is suitable for the questions of computable model theory. It also defines an
exponential function since Ry,.; does. It is conceivable that such structures may

be related to Tarski’s question of the decidability of (R, Z). (See [26].)

Proof. Tt suffices to prove the proposition for &, (ﬁ, R). For each n there are
only countably many vector fields that are definable in R on an open subset of R"
since the language and universe are countable. Moreover, for each vector field,
there is at most one Rolle R-leaf through any given point by Lemma 5.4. Thus
P, (ﬁ, R) is an expansion of R by countably many predicates. O

On the other end of the spectrum, we can take Pfaffian closures of arbitrarily

saturated models.

Proposition 11.4. Let R be an o-minimal expansion of R. Then for every

cardinal K, there is a k-saturated elementary extension R of R and an expansion
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R of R that models Rproj-

Proof. This is a corollary of the existence of what Hodges calls x-big models.

(See [10].) O

We turn at last to the question that inspired this research. Is the IVP enough?

Let us restate it as a conjecture:

Conjecture 11.5. Let R be an o-minimal expansion of a real closed field and

let R be an expansion of R with the IVP. Then 2(R,R) is o-minimal.

In actuality, what we are after is slightly stronger. We would like this conjecture
to be true with the Alternate R-Rolle Property of Chapter 5 in place of the

R-Rolle Property. Why is this? Here is one reason:

Corollary 11.6 (of 11.5 with the Alternate R-Rolle Property). Let
Rp = (R, E) be an expansion of the real closed field R by a unary function
E : R — R. Suppose that Ry has the IVP and that E is a function of class C!

satisfying the differential equation E' = E. Then R is o-minimal.

Proof. We need only show that E has the Alternate Rp-Rolle Property with
respect to the 1-form w := ydxr — dy. This is proved exactly as in example 1.3 of

[25]. 0

While the IVP is not much easier to check than o-minimality, it is easier to
axiomatize. In other words, assuming the strong version of Conjecture 11.5, we
can explicitly write down an (incomplete) axiom scheme ® for R such that every
model of ® is o-minimal. Namely, in addition to an axiom describing the field
structure, and one expressing that £’ = E, we add an axiom for each formula in

one free variable ¢(z) that expresses:

If ¢(z) defines a nonempty closed and open subset of R,
then ¢(x) defines R.
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Finally, Conjecture 11.5 with the Alternate R-Rolle Property seems to require
an analogous version of Theorem 1.7. To prove this, it suffices to know that a
definably connected R-manifold is definably path connected. At present, this is

not even known in the case where R is a reduct of Rp,;.



PhD Thesis — S. Fratarcangeli McMaster—Mathematics & Statistics 87

References

1]

Jacek Bochnak, Michel Coste, and Marie-Francoise Roy. Real algebraic ge-
ometry, volume 36 of Ergebnisse der Mathematik und ihrer Grenzgebiete (3)
[Results in Mathematics and Related Areas (3)]. Springer-Verlag, Berlin,
1998. Translated from the 1987 French original, Revised by the authors.

C. C. Chang and H. J. Keisler. Model theory, volume 73 of Studies in Logic
and the Foundations of Mathematics. North-Holland Publishing Co., Ams-
terdam, third edition, 1990.

Alf Dolich and Patrick Speissegger. An ordered structure of rank 2 related
to Dulac’s problem. Preprint, 2006.

H. Dulac. Sur les cycles limites. Bull. Soc. Math. France, 51:45-188, 1923.

Jean Ecalle, Jean Martinet, Robert Moussu, and Jean-Pierre Ramis. Non-
accumulation des cycles-limites. I. C. R. Acad. Sci. Paris Sér. I Math.,
304(13):375-377, 1987.

Jean Ecalle, Jean Martinet, Robert Moussu, and Jean-Pierre Ramis. Non-
accumulation des cycles-limites. II. C. R. Acad. Sci. Paris Sér. I Math.,
304(14):431-434, 1987.

Andrei Gabrielov. Relative closure and the complexity of Pfaffian elimi-
nation. In Discrete and computational geometry, volume 25 of Algorithms

Combin., pages 441-460. Springer, Berlin, 2003.

Kurt Godel. On formally undecidable propositions of Principia mathematica

and related systems. Dover Publications Inc., New York, 1992. Translated



PhD Thesis — S. Fratarcangeli McMaster—Mathematics & Statistics 88

[12]

[13]

[14]

[15]

[16]

[17]

from the German and with a preface by B. Meltzer, With an introduction

by R. B. Braithwaite, Reprint of the 1963 translation.

C. Ward Henson. Foundations of non-standard analysis: A gentle introduc-

tion to non-standard extensions. Preprint.

Wilfrid Hodges. Model theory, volume 42 of Encyclopedia of Mathematics

and its Applications. Cambridge University Press, Cambridge, 1993.

Ju. S. I'yashenko. Finiteness theorems for limit cycles. In Proceedings of the
International Congress of Mathematicians, Vol. I, II (Kyoto, 1990), pages
1259-1269, Tokyo, 1991. Math. Soc. Japan.

Marek Karpinski and Angus Macintyre. A generalization of Wilkie’s theorem
of the complement, and an application to Pfaffian closure. Selecta Math.

(N.S.), 5(4):507-516, 1999.

Alexander S. Kechris. Classical descriptive set theory, volume 156 of Grad-

uate Texts in Mathematics. Springer-Verlag, New York, 1995.

A. G. Khovanskii. Fewnomials, volume 88 of Translations of Mathematical
Monographs. American Mathematical Society, Providence, RI, 1991. Trans-
lated from the Russian by Smilka Zdravkovska.

Julia F. Knight, Anand Pillay, and Charles Steinhorn. Definable sets in
ordered structures. II. Trans. Amer. Math. Soc., 295(2):593-605, 1986.

Salma Kuhlmann and Saharon Shelah. x-bounded exponential-logarithmic

power series fields. Ann. Pure Appl. Logic, 136(3):284-296, 2005.

John M. Lee. Introduction to smooth manifolds, volume 218 of Graduate

Texts in Mathematics. Springer-Verlag, New York, 2003.



PhD Thesis — S. Fratarcangeli McMaster—Mathematics & Statistics 89

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

[28]

Jean-Marie Lion and Jean-Philippe Rolin. Volumes, feuilles de Rolle de
feuilletages analytiques et théoreme de Wilkie. Ann. Fac. Sci. Toulouse

Math. (6), 7(1):93-112, 1998.

David Marker. Model theory, volume 217 of Graduate Texts in Mathematics.

Springer-Verlag, New York, 2002. An introduction.

Chris Miller. Expansions of dense linear orders with the intermediate value

property. J. Symbolic Logic, 66(4):1783-1790, 2001.

R. Moussu and C. Roche. Théorie de Hovanskii et probleme de Dulac. Invent.
Math., 105(2):431-441, 1991.

James R. Munkres. Topology: a first course. Prentice-Hall Inc., Englewood

Cliffs, N.J., 1975.

Anand Pillay and Charles Steinhorn. Definable sets in ordered structures. I.

Trans. Amer. Math. Soc., 295(2):565-592, 1986.

H. L. Royden. Real analysis. Macmillan Publishing Company, New York,
third edition, 1988.

Patrick Speissegger. The Pfaffian closure of an o-minimal structure. J. Reine

Angew. Math., 508:189-211, 1999.

Alfred Tarski. A decision method for elementary algebra and geometry. Uni-

versity of California Press, Berkeley and Los Angeles, Calif., 1951. 2nd ed.

Lou van den Dries. Tame topology and o-minimal structures, volume 248
of London Mathematical Society Lecture Note Series. Cambridge University
Press, Cambridge, 1998.

Lou van den Dries and Chris Miller. Geometric categories and o-minimal

structures. Duke Math. J., 84(2):497-540, 1996.



PhD Thesis — S. Fratarcangeli McMaster—Mathematics & Statistics 90

[29] A. J. Wilkie. Model completeness results for expansions of the ordered field
of real numbers by restricted Pfaffian functions and the exponential function.

J. Amer. Math. Soc., 9(4):1051-1094, 1996.

[30] A. J. Wilkie. A theorem of the complement and some new o-minimal struc-

tures. Selecta Math. (N.S.), 5(4):397-421, 1999.



